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Abstract

In this thesis we present a compiler which is able to trandate Theorema programs into executable Java
code, which can then be used for extensive and fast cal culations called from within Theorema.

Generdly, it can be observed that higher elegance in programming languages and software systems
must be paid for by dramatically increasing computing times, see for example Prolog computations and
original Theorema. One of the basic strategical goals of the Theorema system is to offer predicate logic
as a uniform frame for the three main activities of mathematics: proving, solving, and computing. It is
one of the strong features of Theorema that it combines automated theorem proving and computation in
one logical and software frame. In fact, the same Theorema definitions that are used for stating and
proving theorems can also be applied for computing.

The actual mativation for this thesis was the slowness of computations in the current version of
Theorema, which is due to the usage of special logical inference rules (directed equational logic) as an
interpreter for the Theorema algorithms. Therefore, it is of utmost importance to find a way to drastically
speed-up the execution of Theorema algorithms without losing the elegance of writing the algorithmsin
the same predicate logic version (namely that of Theorema) in which also general mathematical state-
ments, in particular correctness theorems for algorithms, are expressed. The main approach for achieving
this goal is compilation of Theorema algorithms into a machine-oriented language, in our case Java. It
turns out that this is possible for Theorema algorithms, at least for a well defined and rich class of
practically interesting algorithms that includes the full power of induction, sequence variables, and even
functors.

In this thesis we will show how this goal of compilation of Theorema programs can be achieved in a
satisfactory way that brings the execution times of compiled Theorema programs drastically below the
execution times of Mathematica algorithms and not more than a factor of 100 above the execution times
of hand coded Java agorithms.

K eywords: Compilation, Predicate Logic, Theorema



Zusammenfassung

In dieser Dissertation wird ein Compiler vorgestellt, der Theorema-Programme in ausfihrbaren Java
Code Ubersetzen kann. Dieser Code kann dann fir schnelle Berechnungen von Theorema aus exekutiert
werden.

Hohere Eleganz bei Programmiersprachen und Softwaresystemen muss in der Praxis meist mit
dramatisch schlechteren Laufzeiten teuer bezahlt werden, siehe Prolog und (die derzeitige Version von)
Theorema. Eines der zentralen und grundlegenden Ziele von Theorema ist der Einsatz von Pradikaten-
logik als ein einheitliches System fir die drei Hauptaktivitéten in der Mathematik: Beweisen, L6sen und
Berechnen. Eine der herausragenden Besonderheiten von Theorema ist die Kombination von automa-
tischem Beweisen und Berechnungen in einem logischen und softwaretechnischen Rahmen. Tatséchlich
kénnen die Theorema-Definitionen, die zum Formulieren und Beweisen von Theoremen verwendet
werden, auch fir Berechnungen angewendet werden.

Die eigentliche Motivation fir diese Arbeit war die Langsamkeit von Berechnungen in der derzeiti-
gen Version von Theorema, die durch die Verwendung von speziellen logischen Schlussregeln
(gerichtete Gleichheitdogik) als Interpreter fir Theorema-Algorithmen bedingt ist. Daher ist es von
grofiter Wichtigkeit einen Weg zu finden, die Ausfihrung von Theorema-Algorithmen drastisch zu
beschleunigen, ohne jedoch die Eleganz zu verlieren, die Algorithmen in der selben Pradikatenlogikver-
sion (namlich jener von Theorema) zu schreiben, in der auch generelle mathematische Aussagen, ins-
besondere Korrektheitsbeweise von Algorithmen, formuliert sind. Der zentrale Ansatz zur Erreichung
dieses Ziels ist die Kompilierung von Theorema-Algorithmen in eine maschinenorientierte Sprache, in
unserem Fall Java. Es stellt sich heraus, dass das zumindest fir eine wohldefinierte and reichhaltige
Klasse von in der Praxis interessanten Algorithmen moglich ist, die vor alem auch Induktion, Sequenz-
variablen und sogar Funktoren umfassen kénnen.

In dieser Arbeit zeigen wir, wie das Ziel der Kompilierung von Theorema-Programmen auf eine
zufriedenstellende Weise erreicht werden kann, sodass die Ausfiihrungszeiten von kompilierten Theo-
rema-Programmen deutlich unter jenen von Mathematica und nur um einen Faktor 100 Uber jenen von
direkt in Java geschriebenen Algorithmen liegen.

Schliisselworter: Kompilation, Prédikatenlogik, Theorema
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Introduction 1

Introduction

In this thesis we present a compiler for the Theorema system. It is able to translate Theorema programs
into executable Java byte code, which can then be used for extensive and fast calculations called from
within Theorema. It is one of the strong features of the Theorema system that it combines automated
theorem proving and computation in one logical and software frame. In fact, the same Theorema defini-
tionsthat are used for stating and proving theorems can also be applied for computing.

The actual motivation for this thesis was the slowness of computations in the current version of
Theorema, which is due to the usage of special logical inference rules (directed equational logic) as an
interpreter for the Theorema algorithms. Especially when working with functors and combining them to
nested "towers', computations become so slow that they are only interesting for pedagogical purposes
but not for actua scientific applications of Theorema. Therefore, we wanted to come up with an
approach to drastically speed-up computation times in Theorema, and the compilation to a fast and
modern language like Java is the natural way to achievethisgoal.

Two aspects were the driving principles during the design and development of the Theorema-Java
Compiler presented in thisthesis:

e All programs formulated in the current Theorema language should be trandatable by the
compiler. This includes predicate logic quantifiers with bounded range (e.g., v and 3), special
Theorema quantifiers (e.g., the TupleOf quantifier and the SumOf quantifier), sequence vari-
ables, and, particularly, functors.

e Computing with the compiled Theorema programs should be completely hidden from the user,
i.e., it should not be necessary for the user to get in contact with the Java code. Nevertheless, the
user is, of course, able to access the well readable and well structured Java source code.

Combination of Elegance and Efficiency

Generally, it can be observed that higher elegance in programming languages and software systems must
be paid for by dramatically increasing computing times, see for example Prolog computations and
original Theorema. One of the basic strategical goals of the Theorema system is to offer predicate logic
as a uniform frame for the three main activities of mathematics: proving, solving, and computing, see
[Buch97], [Buch99c], [Buch00], [Buch04]. In particular, computing, in this view, is just a special case of
proving, namely proving by conditional rewriting of ground terms. Thus, exploration sequences of the
following kind should be possible in Theorema:

e Specify aproblem, e.g., the computation of Grobner Bases,
e Propose an agorithm for the solution of the problem, e.g., Buchberger's algorithm,
e Prove the correctness of the algorithm,

e Compute by applying the correct algorithm to concrete input.
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This exploration sequence is possible in Theorema since its design and implementation in 1996
([Buch9eb], [Buch96c], [Buch96d], [Buch96e], [Buch97], [Tma97], [Tmad8], [Tma00], [Tma06],
[WiBu06]). Both the Theorema reasoners and the Theorema "computers' are written in the same meta
language, namely Mathematica. Not surprisingly, considering computing as specia proving leads to
intolerably slow execution of algorithms. In fact, computations in Theorema can not be faster than
computations in the Mathematica language, which by itself is slow, see [Buch91]. In practice, it is even
slower by some constant, but not dramatic, factor. Thus, the current Theorema interpreter for Theorema
algorithms has only pedagogical value. But sometimes even the pedagogical goals can not be achieved
because running times are too long even for very small examples, and so, for example, the study of
computing time behavior of various version of an algorithm can not be explored in the classroom context.

Therefore, it is of utmost importance to find a way to drastically speed-up the execution of Theorema
algorithms without losing the elegance of writing the algorithm in the same Theorema predicate logic
version in which also general mathematical statements, in particular correctness theorems for algorithms,
are expressed.

The main approach for achieving this goal is the compilation of Theorema algorithmsinto a machine-
oriented language, like C, C++, or Java (see Section 2.1). It turns out that thisis possible for Theorema
algorithms, at least for awell defined and rich class of practically interesting algorithms that includes the
full power of induction, sequence variables, and even functors. Note that, in contrast, compilation is not
possiblein full-fledged Mathematica because of its many ad hoc peculiarities.

In this thesis we will show how this goal of compilation of Theorema programs can be achieved in a
satisfactory way.

Statement of Originality

Theorema, developed at the Research Institute for Symbolic Computation (RISC, Johannes Kepler
University Linz, Austria) since 1994, is implemented on the basis of the commercially distributed
symbolic computation software system Mathematica and is based on a concept and on the ideas of Bruno
Buchberger (see [Buch96b], [Buch96c], [Buch96d], [Buch96e], [Buch97]). Since the start of the Theo-
rema project a lot of people, some of them left RISC, some are till active members in the Theorema
group, have contributed to the constant devel opment and improvement of the system. In the following list
| will enumerate the most important members of the Theorema group as well as those who contributed
most to the devel opment of the compiler presented in the course of thisthesis.

e Bruno Buchberger is the inventor of the Theorema system and also implemented its first version
including the first prototypes of some provers. Especially, he introduced the concept of functors
in Theorema (see [Tma00]), which is the very concept to build-up mathematics bottom-up,
starting from simple domains (for example, rationa numbers with simple operations like
addition, multiplication) and repeatedly applying suitable functors to arrive at arbitrary complex
domains. He is a very active member and the driving force of the Theorema group ever since the
start of the Theorema project.

e Bruno Buchberger, again. Since he is not only the creator of the Theorema system, as stated
above, but also the scientific supervisor of this thesis, it is, no doubt, appropriate mentioning
him twice. He lively contributed to the content in many seminars and personal meetings. Particu-
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larly, the trandation of functors (see Chapter 7) and of sequence variables (see Chapter 5) are
based on hisideas ([Buch074]).

e Tudor Jebelean, co-leader of the Theorema group, contributed to a module for the elimination of
pattern matching (see Section 3.1), which is needed in the translation of Theorema theories into
an intermediate code, which was designed by him as well ([Jebe07]).

e Martin Giese gave many very important advice and contributions in the starting phase of the
development of the compiler. Particularly, the compilation of abstract data types and the
associated class design (see Chapter 4) are mainly based on hisideas ([Gies07]).

e Wolfgang Windsteiger is the member of the Theorema group who has the best overview of the
current implementation of the entire Theorema system. Therefore, he is in charge of the mainte-
nance of the system and is also very active in theits further development. Moreover, heisavery
helpful person always taking time to explain the internals of Theorema to newcomers of the
group and helping to solve problems with it, however hard and involved they are. Without his
cordial and extensive help thisthesis would have been hardly possible.

e Temur Kutsia, also a very active member of the Theorema group, contributed to the translation
of sequence variables by virtue of hisrich experiencein thisarea ([Kuts07]).

Structure of the Thesis

This thesis is divided into two main parts: a detailed description of the Theorema-Java Compiler and
case studies showing the compiler in action. In the first part, we will give an exact description of the
concrete implementation problems, which naturally arise from the inherent differences between the
Theorema language and the Java language. Then, we will state the reasons why we chose Java as the
target language of the compiler and also give a list of some special features of the compiler. The next
section provides a first example, namely merging two sorted lists, and concretely shows how a Theorema
theory can be compiled into Java code and how the thereby created code can be executed from within
Theorema. Chapters 4-7 dea with the details of the trandlation of Theorema programs into Java byte
code. Chapter 8 shows how to call compiled algorithms, and Chapter 9 documents commands the change
the compiler's behavior. The final Chapter 10 describes the whole Java-sided framework, which provides
several auxiliary Java classes.

Part 2 contains two case studies which demonstrate the capabilities and the usage of the Theorema-
Java Compiler. The first case study (see Chapter 11), which is based on the work of Bruno Buchberger in
[Buch03], is on computations of Grobner Bases and shows the power of functors and their practical
application. The second case study (see Chapter 12) presents a Theorema implementation of an algo-
rithm for interpolating univariate polynomialsand is based on [Wind06].
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On the Document

This thesis has been created using the Mathematica 6.0 front end, and it exists in two version: an elec-
tronic version and a printed version. While the latter one is the classical form of a Ph.D. thesis, the
electronic versions comes up with two main advantages.

e |t offers the actual evaluation of input. This makes it possible to actually try out the presented
examples and also to modify them and make one's own experiments.

e |t uses hyperlinksto quickly jump from one part of the thesisto another.

Please note that, one needs Mathematicaor at least MathReader for accessing the electronic version.
Apart from floating text, two main formatting styles of cells can be found in this thesis: input cells
can be evaluated in the electronic version and look like this:

18 +7
25
Cellswhich present Java code appear as a grey box, for instance:

int a = 18;
int b =7,
System out. println(a+b);



Part 1

The Theorema-Java Compiler

1 Computations in the Current Theorema System

In this part of the thesis we want to give a general overview of the Theorema system with a focus on its
computational capabilities. After a short description of the whole system, we will concentrate on the way
computing can be done in the current system. We will show the use of the two classical waysof computa-
tions in the Theorema system, namely the simple Conput e command and the more advanced
Conmput at i onal Sessi on command. The core issue of this thesis is the presentation of a new way to
compute in Theorema by trandating one's definitions into executable Java code and calling these com-
piled and optimized algorithms from within Theorema. For this, the framework of the Theorema-Java
Compiler provides several new commands (especialy Java—Conput e), which will be presented in
Chapter 8.

1.1 The Theorema System

The main philosophy of the Theorema system isto provide one logical and software system frame for the
entire mathematical exploration process, that includes the formulation of concepts, the mathematical
study of their properties, the formulation of mathematical problems, their solution by algorithms, the
application of algorithms to concrete data ("computation”), and the systematic documentation of the
exploration results in well structured knowledge bases, see [Buch96b], [Buch96c], [Buch96d],
[Buch96g], [Buch97], [Buch99c], [Buch0Q], [Buch04]. In particular, the user of a system like Theorema
need not switch between two systemswhen changing from proving to programming, or from searching in
knowledge bases to checking the correctness of mathematical statements.

Theoremais built on top of Mathematica ([Mma]), a popular computer algebra system developed by
Stephen Wolfram. More specifically, for keeping Theorema logically self-contained, only the program-
ming language of Mathematicais used for the implementation of Theorema, no usage is made of Mathe-
matica's algorithm library (except if the Theorema user explicitly access algorithms from this library).
Theorema is currently an add-on package to Mathematica and can be loaded with the following
command:

Needs [" Theorema "]
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Mathematica, and hence Theorema as well, is currently supported by a wide range of computer systems:
Windows, Linux, and Mac OS. It also provides an interface to Java, the so-called JLink, which is a key
feature needed to communicate between Theorema and Java and which is also one of the main motiva-
tions to choose Java as the target |anguage of the compiler (see Section 2.1).

The typical mathematical work consists of three general activities: proving, computing, and solving.
Theorema supports all of them and thereby becomes, together with the extremely flexible and highly
configurable front-end of Mathematica, a convenient environment for the entire mathematical explora-
tion process. Although Theorema puts a special emphasis on proving, its computational capabilities are
also a very important aspect, because whenever you implemented an algorithm, you want, of course, to
try it out on some sample data. It is the main focus of this thesis to improve these computing capabilities
of the current Theorema system.

In order to support proving, computing, and solving, Theorema comes up with its own language,
which is, in fact, a version of higher order predicate logic without extensionality (see [Buch96d],
[Buch99b]) and, therefore, is built-up of the following objects: constants, variables, terms, formulae, and
quantifiers ([EFT92]). So, these ingredients form the core of Theorema's language, and they become of
central interest when a definition stated in this language is translated into Java code. We will neither give
a formal specification of the Theorema language, nor a more detailed description of it, but refer to a
more general and detailed characterization of the whole Theorema system and its philosophy in [ Tma97],
[Buch98c], [Buch99a], [Tma99], [Tma00a], [ Tma00b], and [Wind01].

1.2 Computing in Theorema

Theorema offers two different modes for computing: the standard session and the computational session.
The standard session, which is the default mode when the Theorema system is started, offers the user
command Conput e for computing. A call to it has the following form:

Conput e [Expr essi on, usi ng -» Know edgeBase]

For instance, to compute 18 + 7 in Theorema, you enter:
Conpute[18 + 7, using - (Built-in["Nunmbers"1)]
25

In this example the knowledge base only contains the package Bui | t —i n[ " Nunber s"], whichis a
built-in package of Theorema and contains several rewrite rules for natural numbers. As a more involved
example, you may compute the set of all twin primesthat are less than 100:
Corrpute[{(i, i +2)_ [ IsPrime[i] AlsPrinel[i +2]},
i=1,.,100
using -» (Bui |t -i n[" Nunmbers" ],
Built-in["Quantifiers"], Built-in["Connectives"] )]

{3, 5), (5, 7y, (11, 13), (17, 19), (29, 31), (41, 43y, (59, 61), (71, 73)}
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This time, the knowledge base contains the packages Built—i n[ " Nunbers"], Built-—
in["Quantifiers"] (containing rewrite rulesfor Theorema's quantifiers, like the SetOf quantifier
{ ] }),andBui |l t—i n[ " Connectives"] (containing rewrite rulesfor logical connectives, like A).

As a last example, which also shows the flexibility of Theorema and the beauty of its syntax, we
compute the set of perfect numbers that are less than or equal to 500. A perfect number is a positive
integer which isthe sum of its proper positive divisors.

Oonpute[{i_ | Z k=i]},
C )

i=1,..,500 keli
€
{szl.“,i

using -» (Built-in["Nunmbers"], Built-in["Sets"], Built-in["Quantifiers" ])]
(6, 28, 496}

In contrast to the standard session, computing in a computational session in Theorema works similar to
working in Mathematica itself. In this computational mode you can simply enter the expression whose
value you want to compute and do not need to put it into a Conput e call. The Theorema user language
provides the command Conput ati onal Sessi on[] to enter a computational session and the
command EndConput at i onal Sessi on[] to leave it again. All calls between these two commands
are directly interpreted and computed by Theorema. Furthermore, the philosophy of the computational
session is that a knowledge base is built-up step by step by giving definitions or by importing environ-
mentsthat have been previously defined in the standard session ([Wind01]).

To execute the computations from above also in a computational session, we first have to tell Theo-
remawhich knowledge base we want to use ;

Use[(Built-in["Nunbers"], Built-in["Sets"],
Built-in["Quantifiers"], Built-in["Connectives"]1)]

Then, we can enter the computational session:
Conput at i onal Sessi on[]

Theorema automatically imports the knowledge that we declared with the above Use command; from
now on, all expressions that we enter are handled by Theorema using this knowledge:

{(i, i +2) |sPrima[i]/\|sPrine[i+2]}
i=1,..,100

{(3, 5), (5, 7), (11, 13), (17, 19), (29, 31), (41, 43), (59, 61), (71, 73)}
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{6, 28, 496}

Finally, weleave the computational session:

EndConput at i onal Sessi on[]

For further details on both Theorema standard sessions and Theorema computational sessions we refer to
[Buwi98] and [Wind99].
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2 The Problem

Computing in Theorema's standard session and computational session (see Section 1.2) is rather slow,
especialy when dealing with big and nested data structures. So, in order to further improve the Theo-
rema system and increase its versatility and usability, it was necessary to speed-up computations. This
desire finally led to the implementation of the Theorema-Java Compiler, which is the main achievement
of thisthesis.

In the following chapters we will describe the key ideas and all details of the Theorema-Java Com-
piler. It is able to trandate Theorema programs into equivalent Java byte code and, thereby, makes it
possible to compute in Theorema tremendously faster than in Theorema's standard session and computa-
tional session. The road from an algorithm coded in Theorema's version of predicate logic to an equiva-
lent Java program is long, rocky, and sometimes tricky, because a lot of obstacles have to be overcome.
The difficulties in this trandation basically arise from the inherent differences between the Theorema
language and the Java language, and they lead, in particular, to the following challenges:

e Theoremais not atyped language, Javais. Expressionsin Theorema do not have a specific type,
whereas, on the other hand, Java is a strongly-typed programming language requiring all terms
to have a defined type.

e Theorema supports higher order functions, Java does not. Theorema supports functions that take
functions as parameters, whereas Java does not support methods that take methods as parame-
ters (in fact, thisis possible in Java by using its Reflection API, but for efficiency reasons we do
not take this possibility into account). Nevertheless, the Theorema-Java Compiler does support
higher order functions by applying awell known method to introduce such functionsin Java: the
method which should be passed as parameter is packed into a method of an object whose class
implementsa certain Javainterface.

e Theorema supports sequence variables, Java does not. Sequence variables turn out to be
extremely useful in practice since their use increases the elegance and the readability of pro-
grams. The current version of the Theorema-Java Compiler supports sequence variables at the
very end of a pattern, like for instance in f[x, vy, Z] (sequence variables in Theorema are over-
bared, like 7). Although this is a limitation compared to the flexible support of sequence vari-
ablesin Theorema, practice showsthat this covers by far most of the cases.

e Theorema and Java are virtually two separated software systems. Nevertheless, it was necessary
to connect them somehow in order to execute an algorithm on the Java side and transfer its
result back to Theorema. In fact, Mathematica provides an interface to Java, which allows to
instantiate Java objects and to call Java methods from within Mathematica. This interface, the
so-called J/Link, was one of the reasons for choosing Java as the target language of the compiler.

In the following chapters of this part of the thesis we will give the main concepts of the Theorema-Java
Compiler and also explain all its details. We will clearly and completely illustrate the sophisticated way
the compiler combines the elegance of predicate logic, which is provided in the version of Theorema,
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and the efficiency of a modern, compiled programming language, namely Java. In Chapter 3 we will
explain explicitly the three-steps procedure which is performed on every Theorema function in order to
produce its equivalent Java byte code. Chapters 4, 5, 6, and 7 deal with the details of the trandlation of
abstract data types, the trandlation of definitions with sequence variables, the tranglation of higher order
functions, and the trand ation of functors, respectively.

After all these aspects of the translation are clear, we will describe in Chapter 8 how the user can run
the compiled Java code from within Theorema. The remaining chapters of this part explain further details
of the compiler, namely specific compiler settings and the organization in the file system of both the built-
in Javafiles of the compiler and the files created by the user.

2.1 Why Did We Choose Java?

Java is an object-oriented, portable, and robust programming language originally developed by Sun
Microsystems (www.sun.com). We chose it as the target language of the compiler for the following
reasons:

e Javais nowadaysa very popular language. It is modern and fully object-oriented and provides a
huge library of auxiliary classes.

e Mathematica provides an interface to Java, the so-called JLink. It provides a uniquely seamless
interface to the Java environment and can be used in two ways:

e |nstantiate Java classes and call their methods from within Mathematica. The J/Link-
library therefore provides Java classes (especially the class
com wol fram j | i nk. Expr) to handle Mathematica expressionsin Java.

e Call Mathematicafunctions from within Java. This feature is not used by the compiler.

e The runtime performance of Javaisreally good, almost asgood as C's.

e A Java compiler and the Java virtual machine are downloadable for free from the web-page of
Sun, the inventor of Java.

e Javais platform independent, i.e., the Java virtual machineis available for Windows, Linux, and
Mac OS.

e There is still an ongoing development of Java by Sun. From time to time a new version of the

compiler is released including new and improved features.

2.2 A Short Summary of Features

The Theorema-Java Compiler comes up with several features and highlights:
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e You may compile virtually any Theorema definition into executable Java code. Particularly, you
may compile whole Theorema theories and definitions containing sequence variables (see
Chapter 5) and functor definitions (see Chapter 7). This code runs much faster than computing
within Theorema.

e You may compile Theorema definition once and use the compiled and fast Java program how
many times you want.

e A gpecia emphasis during the development of the compiler was put on the compilation of
functors.

e The compilation to Java and the execution of compiled code is completely hidden from the user.
That is, the user does not have to bother about the Java code and, actually, does not even come
into contact with it at all. Nevertheless, the user is free to read the created Java code any time.
Further information on how Java code is stored in the loca file system is presented in Chapter
10.

2.3 System Requirements

The Theorema-Java Compiler requires an installed version of Theorema running on Mathematica 6 or
higher and an installed Java Devel opment Kit (JDK) 1.5 or higher.

All calculations and time measurements presented in this thesis were performed in Mathematica 6.0.0
and JDK 1.6.0_02 under Windows XP Home (Service Pack 2) on a Mobile DualCore Intel Pentium M
with 1600 MHz and 2GB RAM.

2.4 A First Example

In this section we will show how the compiler is actually used to compile a simple Theorema theory and
how to run the created Java code. In order to use Theorema and the Theorema-Java Compiler, you have
to load the appropriate packagesin Mathematica by the following commands:

Needs [" Theorema "]
Needs [" Theor ema™ JavaConpi | er “ JavaConpi l er *" ]

In this example we define the function Mer ge, which merges two sorted lists such that the resulting list
isagain sorted, and a theory containing this definition:
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Definition[" Merge”, any[x, X, Y, V1,

Merge[(X), ()] =<X)
Merge[(), <Y>1=«Y) ]

_[x=Merge[(R), (Y, ¥)1 & X<y
|VEI’QE[(X, X, Y, ¥l _{y-Merger, Xy, (¥>] « ot herwi se

Theory[" MergeTheory",
Definition["Merge"]]

We can use thistheory to compute in Theorema:
Comput e[Merge[(4, 20, 30), (1, 2, 5, 32)],

using -» (Built-in["Tuples"], Built-in["Nunbers"],
Built -i n[" Connectives"], Theory["MergeTheory"]1)] // Absol uteTi m ng

{0. 1250000, (1, 2, 4, 5, 20, 30, 32)}

So, the result is (1, 2, 4, 5, 20, 30, 32), and it took Theorema 0.125 seconds to compuite it.

Now, we may compile this theory using the Theorema-Java Compiler creating a fast Java program. For
this, we provide the command Java—Theor y2Java:

Java-Theory2Java[Theory[" MergeTheory" 1]

In order to access the Java program which the compiler just created and use it for computations, we first
have to put the theory "MergeTheory" into the knowledge base of the Java-sided execution process:

Java-UseTheories[{"MergeTheory" }]

Finally, we can use the Java program for executing a computation:
Java-Conput e[Merge[(4, 20, 30), (1, 2, 5, 32)]1] // Absol uteTi m ng
{0. 0156250, (1, 2, 4, 5, 20, 30, 32)}

The result is the same as above, but the compiled Java program needed just 0.0156 seconds to produce it.
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3 The Three Steps of Translation

In this chapter we describe the three general steps to trandate given Theorema definitions into executable
Java byte code. These steps are performed in al cases, no matter whether a single definition, a whole
theory including severa definitions, or a functor is compiled. The first and the last step are quite smple
to perform, whereas the second step is more involved since it includes quite challenging steps, for
instance, tranglating sequence variables and higher order function.

In the course of trandating a given Theorema function (or functor), its Theorema definition is first
transcribed into an intermediate format rid of pattern matching. In the second step, which is also the core
step in the whole three-stage trandation, each function definition, given in the intermediate format, is
translated into (well readable) Java source code. The basics of this step are described in Section 3.2. All
the details on how to trandlate abstract data types, definitions including sequence variables, higher order
function, and functors are described in full detail in the chapters 4, 5, 6, 7, respectively. In the third step,
the Java source code is compiled to byte code using a conventional Java compiler. These three steps are
always performed and, thereby, form the general flow of trandlation, whichis depicted in Figure 3.1.

| Theorema Language |

Step 1

\4

Intermediate Language

Step 2

A\

Java Source Code

Step 3

A4

Java Byte Code

Figure 3.1: Flow of Translation

3.1 Eliminating Pattern Matching

Pattern matching is a very powerful and flexible tool to process data based on its structure. Its real power
comes from matching patterns and accordingly bind variables at the same time. Together with condi-
tional execution constructs, pattern matching leads to a very elegant and structured way of programming.
Both Mathematica and Theorema support defining functions using these mechanisms, and the following
example shows how they can be used in Theorema: The function | nd—Pl us adds two natural numbers
that are represented by the following data structure: O is represented by the constant Zer o, 1 is repre-
sented by Succ[ Zer o], 2 by Succ[ Succ[ Zero] ], 3 by Succ[ Succ[ Succ[ Zero] ]], and so
on.
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Definiti on["l nductivePl us", any[x, Y1,

I nd-Pl us[x, Zero] =X
I nd-Pl us[x, Succ[y]] = Succ[lnd-Pl us[x, y]]]

The function distinguishestwo cases that are detected by pattern matching. The first rewriterule
I nd-Pl us[x, Zero] =X

only matchesif the second parameter is equal to the constant Zer o. The second rewriterule

Ind-Plus[x, Succ[y]] =Succ[lnd-Plus[x, yI]

only matchesif the head of the second parameter is equal to the constant Succ.
In order to add the natural numbers2 and 3, you compute:

Conput e[l nd-Pl us [Succ [Succ [Zer0]], Succ[Succ[Succ[Zero]]l]],
using -» (Definition["InductivePlus"])]

Succ [Succ [Succ [Succ [Succ[Zero]]]]]

Already this simple example demonstrates the increased elegance and readability of programs which use
pattern matting for their definition. However, Java does not support such mechanisms, and, hence, the
first step on the way of trandating a Theorema definition into Java code is aways to eliminate pattern
matching. For that, the Theorema-Java Compiler translates the Theorema definitions into an intermediate
language rid of pattern matching. Both the intermediate language and the Mathematica package which
does this elimination were originally developed by Tudor Jebelean ([Jebe07]) and later adapted by the
author. The following line shows how the function | nd—PI us from above can be defined in Mathemat-
icawithout pattern matching:

Ind-Plus[x_, y_]:=
I f [y ===Zero, x, |If[Head[y] === Succ, Succ[Ind-Plus[x, y[[1]11111;

Instead of defining two cases which are distinguished by the pattern of the second parameter of the
function, this definition uses an | f -clause and explicitly checks the structure of y by evaluating
y===Zer o and Head[ y] ===Succ. Y ou may again compute 2 plus 3:

I nd-Pl us[Succ [Succ[Zero]], Succ[Succ[Succ[Zero]l]]l]

Succ [Succ [Succ [Succ [Succ[Zero]]]]]

The function | nd—Pl us coded in the above mentioned intermediate languageis:

DeFun[esig["I nd-Plus"], (_paraml, _paran?),
«Condi tional [({sconst [Zero] = _paran®, _paranl),
{econst [Succ] = «Head [_paranR], <Expr [-const [Succ],
(*Expr [econst [I nd-Pl us], (_paraml, <Arg[l, _paran2])1>I1)>11
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This expression consists of 4 parts: The head « DeFun indicates that this is a function definition;
* DePr e would indicate a predicate definition. The first part, « si g[ " | nd—Pl us"] , states the name of
this function, and the second part, (_par ani, _paran®), states the parameter list. The third part,
* Condi tional [ ..], defines the body of the function and is a list of condition-expression pairs; if a
condition holds, the corresponding expression is returned. Accordingly, in the case of a predicate
definition, the body isalist of condition-condition pairs.

In the remaining part of this section we will explain the elimination of pattern matching in general by
considering a unary function. A function of arity n can be translated by iteratively applying the transcrip-
tion presented below.

The left hand side of the definition of a unary function f may basically have either the form f [c ]

where ¢ is a constant symbol, either the form f [x] where x is a variable, or the form
f [C[X1, ..., Xnl], where C is constructor (see Chapter 4) of arity nand x; (for 1<i=<n) is
either a constant symbol, a variable, or again a nested expression of the form D[ ... ] whereDis a

constructor. Note that a more flexible shape of function definitions is possible if sequence variables are
used, see Chapter 5.
The general shape of f coded in the intermediate language looks like this:

eDeFun[esig["f"], (_paraml), «Conditional [{((Condition, Expression))]]

where Condi ti on and Expr essi on are a condition and an expression, respectively, dependingon f .
As stated above, we have to distinguish three cases: If f hastheformf[c] = e (where e is some
expression), Condi t i on hasthefollowing value

{sconst [c] = _parandl, e*)

where e* is the trandation of e into the intermediate format. If f is of the form f[x] = e,
Condi tionis

(true, e*)

because there is no condition on the parameter, and e* is again the trandation of e into the intermediate
format. If f isof thethird shape, f [C[X1, ... Xn]] = €,theCondi ti on lookslikethis:

{(+const [C] = sHead[_paraml]) AT, e*)

e* is obtained by trandating e into the intermediate format and replacing x; by «Arg[i, _paraml]
(for @l 1<i=<n), a construct of the intermediate language which accesses the i-th component of
_paraml. T is obtained by applying this three-folded case distinction recursively to x4, ..., X, and
forming the conjunction. To address x; and formulate a condition on it, it is also replaced by
eArgl[i, _paraml].

For example, the function definition f [C[x, D[y], E[a]]] = e (where C, D, and E are
constructors, a isa constant symbol, and x andy are variables) istranslated into the function body
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{(sconst [C] = *Head[_paranl]) A (-const [D] = eHead[-Arg[2, _paranl]]) A
(econst [E] = *Head[+Arg[3, _paraml]]) A
(-const [a] = *Arg[3, *Arg[l, _paraml]]), e*)

where e* is obtained by trandating e into the intermediate format and replacing x and y by
Arg[l, _paraml] and <Arg[2, <Arg[2, _paranil]], respectively.
This translation is accordingly applied to predicate definitions.

3.2 Creating Java Source Code

The second step on the way of translating a Theorema definition into executable Java code is to turn
definitionsin intermediate format into actual Java source code.

Each function and each predicate (given in intermediate format) is parsed, and all occurring condi-
tions and expressions are translated into Java code. Of course, this process of tranglation is a recursive
procedure since each condition and each expression may again contain conditions and expressions. In
other words, the definition of a function, which is made up of nested conditions and expressions, is
recursively translated into Java code.

Also, since Theorema and Java have different naming conventions (e.g., Theorema allows dashes in
names, Java does not), a renaming of identifiers (variables, class names, etc.) has to be performed: All
appearing language keywords of Java (e.g., whi | e, f or , new) are changed by prepending and append-
ing an underscore, and dashes are replaced by underscores, and blanks are eliminated.

The real challenge of this step is the trandlation of language constructs in Theorema which do not
exist in Java, for instance, sequence variables, higher order functions, quantifiers, and functors. To see
how the trandation of a simple function works, let us take the example from the previous section and
have alook at the body of the function | nd—PI us inintermediate format:

«Condi tional [({sconst [Zero] = _paran®, _paraml),
{(econst [Succ] = Head[_par anR], <Expr [-const [Succ],
(*Expr [econst [I nd-Plus], (_paraml, <Arg[l, _paran2])1)1))1

The head of thisbody is+ Condi ti onal , hence, we know that we have to create a branching statement
(i f-clause). Since we are about to define a function (¢ DeFun), the « Condi t i onal -expression
contains a tuple of pairs of one condition and one expression, whereasin the case of defining a predicate
it would contain atuple of pairs of two conditions. In this examplethefirst pair is

{(econst [Zero] = _paran®, _paranl)

So, we tranglate the first entry of the tuple into the Java condition (see also the translation of abstract data
typesin Chapter 4):

( ((Ext endedDat a) _paran®).isZero())

The second entry of the tuple, i.e., the value which is returned by | nd—Pl us if the condition in the first
tuple entry isfulfilled, istrivialy translated into the Java expression
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_par antl

In the same way, the second pair

{sconst [Succ] = «Head [_paranR], <Expr [-const [Succ],
(*Expr [-const [I nd-Pl us], (_paranl, <Arg[l, _paran])1)1)

istrandated into Java code. The trandation of the condition is

( ((Ext endedDat a) _par an®).i sSucc ())

The tranglation of the expression is

new Succ (i nd_Pl us (_par anmi, _paran®.arg(1)))

Finaly, the two conditions and the two expressions are put together according to the rules of
e Condi ti onal . So, the Java code of the function| nd—PI us is:

Dat a i nd_Pl us (Data _paranil, Data _paran®)

{
if ((((ExtendedData)_paran®).isZero()))

{
return _parant;
Y//if

if ((((ExtendedData)_paran®).isSucc()))
{
return new Succ (i nd_Pl us (_paraml, paran®.arg(1)));
Y771 f
}//i nd_Pl us

In general, the trandation of functions and predicates from intermediate format into Java code consists of
three major parts: the translation of conditions, the trandation of expressions, and the translation of
conditional branchings. Compiling conditions comprises the trandation of truth values, logical functions
(AND, OR, NOT), equalities, the v bounded quantifier, and the 3 bounded quantifier. Compiling expres-
sions comprises the tranglation of tuples, the TupleOf quantifier (¢ | )), the SetOf quantifier ({ | }),
the X quantifier, the SuchThat quantifier (a9, sequence variables, and constants. Many of these tranda-
tions involve technical details, like dealing with sequence variables (see Chapter 5), or calling a function
of a certain domain (see Chapter 7). Moreover, special efforts have to be made to translate the bounded
quantifier constructs, i.e., TupleOf, SetOf, v, 3, 3, and SuchThat, into correct Java code. The created
Java code of atranslated quantifier is packed into an auxiliary method named "auxn" (wherenis1,2,3,...
), and this method is called with the appropriate parameters.

In the following sections we will describe in detail the translation of each quantifier into Java source
code. For this, for each quantifier, we will define a function f in Theorema-like syntax using a general
form of the quantifier and show its equivalent on the Java side, written in a Java-like syntax.
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3.2.1 The TupleOf Quantifier

Theorema supports two types of this quantifier, which differ in the range the index variable runs over.
Thefirst type uses a so-called integer range and has the following form;

f [X1, 4 Xnl = (g[i, X1, ee Xnl CLi, Xqy een xn]>

i =h[X1, cow Xn1, oo K[X1, cow Xn1

The index variablei runsfromthevalueh[x,, .., xp] tothevaluek [X1, ..., Xn]; if the condition
c[i, X1, .., Xp] holds, the element g[i, X1, ... Xp] becomes part of the generated tuple. The

compiler trandates this function definition into the following code, which is given here in a Java-like
syntax:

Data f (Data param, ..., Data param,)
{

return auxl(param, ..., param, h(param, ..., param,), k (param, ..., param,));
y//f

Tupl e auxl(Data param, ..., Data param, int auxvarl,int auxvar2)
{
Data[] auxvar3 = new Dat a[auxvar 2-auxvar 1+1];
int auxvar4 = 0
for (int i=auxvarl;i sauxvar_2;i ++)
if (c(,param, ..., param))
{

auxvar 3[auxvar4] = g(i, param, ..., param,);
auxvar 4++;
Y/ /i f
return new Tupl e (auxvar 3, auxvar 4);

}//7auxl

So, the TupleOf quantifier with an integer range is trandated into a separate auxiliary method which
essentially consists of af or loop.
The second type of the TupleOf quantifier uses a so-called set range and has the following form:

f [X1, s Xpn, S] = <g[i, X1, e Xnl _|Sc[i, X1y eee xn])
The index variable i runs through the values of the set S; whenever the condition c [i , X1, ..., Xn]
holds, theelementg [i , X1, ..., Xn] becomes part of the generated tuple. The compiler translates this

function definition into the following code, whichis given again in a Java-like syntax:



3 The Three Steps of Trandation 19

Data f (Data param, ..., Data param, Data S)
{

return auxl(param, ..., param,S);
Y/ /8

Tupl e aux1(Data param, ..., Data param, Set s)
{

int auxvar3 0;

int auxvar4 = s.size();

Data i;

Data[] auxvarl = new Dat a[auxvar4];

for (i nt auxvar 5=0; auxvar 5<auxvar 4; auxvar 5++)

{
i = s.arg(auxvar5+1);
if (c(,param,..., param))
{
auxvar 1[auxvar3] = g(i, param, ..., param,);
auxvar 3++;
Y/ /i f
}//for
return new Tupl e (auxvar 1, auxvar 3);
}//7auxl

So, the TupleOf quantifier with a set range is trandated into a separate auxiliary method which essen-
tialy consistsof af or loop.

3.2.2 The SetOf Quantifier

The SetOf quantifier is very similar to the TupleOf quantifier: instead of square brackets it uses curly
brackets, and instead of the Javatype Tupl e it uses Set .

3.2.3 The Y Quantifier

The X quantifier also comes in two forms: one with an integer range, one with a set range. The first one
has the following shape:

f [X1, eow Xn] = Z gli, X1, «ou Xnl
i =h[X1, coy Xn1, oo K[X1, ooy X1
Cli, X1, «en Xn]

It istranglated into the following code:
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Data f (Data param, ..., Data param,)
{

return auxl(param, ..., param, h(param, ..., param,), k (param, ..., param,));
Y/ /f

Bl _Number auxl(Data param, ..., Data param,int auxvarl,int auxvar2)

{
Bl _Rational auxvar3 = Bl _Rational.ZERG,

for (int i=auxvarl;i<auxvar2;i ++)
if (c(,param,..., param))
auxvar3 = g (i, param, ..., param);
return auxvar3;
}//auxl

The second type of the 3, quantifier, which uses a set range, has the following form:

f [X4y «ow Xn, S] = Z Oli, X1, «s Xnl
ies
c[i,xI:...,xn]

Its corresponding Java code is:

Data f (Data param, ..., Data param, Data S)

{
return auxl(param, ..., param, S);

Y/ /1

Bl _Nunber auxl(Data param, ..., Data param, Set s)

{
int auxvar3 = s.size();
Data i;
Bl _Rational auxvarl = Bl _Rational.ZERG
for (i nt auxvar 4=0; auxvar 4<auxvar 3; auxvar 4++)
{
i = s.arg(auxvar4+l);
if (c(i,param,..., param))
auxvarl = (Bl _Rational)auxvarl.add(g (i, param, ..., param,));
}//for
return auxvarl;
}//auxl

3.2.4 The SuchThat Quantifier
The SuchThat quantifier(ad is used in explicit definitions of new function symbols, where it actualy is

only used as an abbreviation for an implicit definition of the new symbol. For example,

v |f [X] =&(y2 =X)
X y
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is considered as an abbreviation of the formula
v (f [x1% = x)

Also the SuchThat quantifier comesin two shapes, the one with the integer range looks like this:

f[Xg, eew Xnl = ® gli, Xq1, «s Xnl
i =h[X1, ceo Xn1, cen K[X1, ceq Xn ]

Cli\ X1, een Xn1

It istrandlated into the following Java code:

Data f (Data param, ..., Data param,)
{

return auxl(param, ..., param, h(param, ..., param,), k (param, ..., parany,));
Y/ /8

Dat a aux1(Data param, ..., Data param, int auxvarl,int auxvar2)

{
for (int i=auxvarl;i<auxvar2;i ++)
if(c(i,Xg ..,Xn) & g(i, param, ..., param,))
return Bl _I nteger.val ued (i);
return null;
}//auxl

The second one, which uses a set range, has the following form:

f [X1, «ow Xn, S] = & Oli, X1, «ow Xnl
i €S
Cli, X1, et Xn]

It istrandated into:

Data f (Data param, ..., Data param, Data S)
{

return auxl(param, ..., param,S);
Y/ /8

Dat a auxl(Data param, ..., Data param, Set s)
{

int auxvarl = S.size();

Data i;

for (i nt auxvar 2=0; auxvar 2<auxvar 1; auxvar _2++)
{
i = s.arg(auxvar3+1);
if(c(i,Xg ..,Xn) & g(i, param, ..., param,))
return i;
}//for
return null;
}//auxl
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3.2.5 The V¥ Quantifier
A typical usage of the v quantifier using an integer range looks like this:

X1, «w Xp] & v 1, X1, eew X
PIX:1 n] i = [X1, con Xn T, eom KIX1, oo X1 ol ! i

Cli, X1, et Xn]

The Theorema-Java Compiler trans ates this predicate into the following code:

Bool eanDat a p (Data param, ..., Data param,)

{
return convert Bool eanToDat a(aux1 (param, ..., param, h (param, ..., param,),
k (param, ..., param,)));
Y//p
bool ean auxl(Data param, ..., Data param,int auxvarl,int auxvar2)
{
for (int i=auxvarl;i<auxvar2;i ++)
if(c(i,Xg..,Xn) & 1g (i, param, ..., param,))
return fal se;
return true;
}//7auxl

Using a set range, the v quantifier typically comesin this shape:

P[X1, «eu Xpn, S] iZS Oli, X1, «s Xnl
Cli, X1, s Xpn]

The translated code in the Java-like syntax is:
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Bool eanDat a p (Data param, ..., Data param, Data S)
{

return convert Bool eanToDat a(aux1 (param, ..., param, S));
Y/ /p

bool ean auxl(Data param, ..., Data param, Set s)

{
int auxvarl = s.size();
Data i;

for (i nt auxvar 2=0; auxvar 2<auxvar 1; auxvar 2++)
{
i = s.arg(auxvar2+1);
if(c(i,Xg ..,Xn) & 1g(i, param, ..., param,))
return fal se;
}y//for
return true;
}//auxl

3.2.6 The 3 Quantifier

The 3 quantifier also comes in two forms: one with an integer range, one with a set range. The first one
has the following shape:

X1, «ew Xn] & 3 I, X1, eew X
p[ i n] i =N [X1, cow Xn1, eow K[X1, cow Xn1 g[ i n]

Ci, X1, «es Xn]

The corresponding code is:

Bool eanDat a p (Data param, ..., Data param,)

{
return convert Bool eanToDat a(aux1 (param, ..., param, h(param, ..., param,),
k (param, ..., param,)))
Y//p
bool ean auxl(Data param, ..., Data param,int auxvarl,int auxvar2)
{
for (int i=auxvarl;i<auxvar2;i ++)
if(c(i,Xg ..,Xn) & g(i, param, ..., param,))
return true
return fal se;
}//7auxl

The second formis:

P[X1, +eu Xn, S] ¢ i:;ls gli, X1, «s Xnl
CLi, X1, e Xn]
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Its corresponding codeis:

Bool eanDat a p (Data param, ..., Data param, Data S)

{
return convert Bool eanToDat a(aux1 (param, ..., param, S));

Y/ /p

bool ean aux1(Data param, ..., Data param, Set s)

{
int auxvarl = s.size();
Data i;

for (i nt auxvar 2=0; auxvar 2<auxvar 1; auxvar 2++)

{
i = s.arg(auxvar2+1);

if(c(i,Xg ..,Xn) & g(i, param, ..., param,))
return true;
}y//for
return fal se;
}//auxl

3.3 Creating Java Byte Code

The final step of the trandation from Theorema to Java is the compilation of the created Java source
code to Java byte code. This can be done by any available Java compiler which supports the JDK 1.5 or
newer. We recommend to use Sun's compiler since we did al the tests with this one (Sun'sJDK 1.6). The
user must assure that the Java compiler (j avac) is accessible, i.e., the system environment variable
PATH has to be set accordingly. After the Java source files were successfully created, the Theorema-Java
Compiler automatically callsj avac to compile all produced source filesto Java byte code.
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4 Translation of Abstract Data Types

The Theorema-Java Compiler supports the translation of abstract data types that are defined in Theo-
rema into Java code. In this part of the thesis we show first a simple example and then explain the
general way of the translation in full detail. The original ideas and examples presented in this chapter
were mainly given by Martin Giese ([Gies07]).

4.1 An Example: Pl us

This example is quite similar to the one in Section 3.1; it just uses a more natural notation. Again, we
define the integers inductively: O is represented by the constant Z, 1 is represented by Z*, 2 by Z+**, 3

by Z***, etc. Please note that an expression of the form T* isinternally stored as Super Pl us [T], for
every expression T. Similarly, an expression of the form T + S (for expression S and T) is internally
stored as Pl us [S, T]. For instance, the addition 2+3 is represented by the expression Z*+ + Z***,

which is internally stored as
Pl us [Super Pl us [Super Pl us[Z]], Super Pl us [Super Pl us [SuperPlus[Z]1]11].

Here isthe definition of the function Pl us and the associated theory:

Def i nition[" Pl us", any[Xx, Y1,

X+Z=X
X+y*t= (x+y)+]

Theory["Pl us",
Definition["Plus"]]

If we, for instance, want to add 2 and 3, we simply compute

Conput e[Z** +Z**", using - (Theory["Pl us"])]

(@)
To compile this Theorema theory to Java we have to enter

Java-Theory2Java[Theory[" Pl us"]]

In the second step of the general, three-stage flow of trandation (see Chapter 3) the compiler has to
create a Java-sided representation of the constant symbol Z and of the unary symbol Super Pl us, which
is the internal representation of *. The symbols Z and Super Pl us are called constructors, which are
generally represented by Java classes. What can these classes look like? At this point, typecasting plays a
crucia role. In the current design of the Theorema-Java Compiler the type of al parameters of all user
defined functions has to be Dat a, whichis an abstract class provided by the framework of the Theorema-
Java Compiler, see Section 10.2.1. Since Z is a possible parameter of the function Pl us, the representa-
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tion of the constant Z on the Java side has to be a class that is a subclass of Dat a. Accordingly, the
representation of Super Pl us isaclassthat isalso a subclass of Dat a and has a constructor taking one
parameter of type Dat a. Actualy, these representation classes are not direct subclasses of Dat a, but are
derived from the intermediate, abstract class Ext endedDat a, which is directly subclassing Dat a and
also created automatically by the compiler.

Figure 4.1 shows the UML class diagram of these classes. In thisfigure, the Dat a classis colored in
grey since it is not created automatically in the flow of trandation, but provided by the framework of the
Theorema-Java Compiler. The three other classes, which are created completely automatically by the
compiler, are colored in black.

I

ExtendedData

+isZ():boolean
+isSuperPlus():boolean

4 SuperPlus
-arg1:Data
+isZ().boolean << create >>+SuperPlus(arg1:Data):
+arg(n:int):Data +isSuperPlus():boolean
+equal(x:Data).boolean +arg(n.int):Data
+equal(x:Data):boolean

Figure 4.1: UML Diagram of the Classes of the Theory "Plus’

We will now present the actual implementation of the representation classes, according to the class
model in Figure 4.1. The first Java class which is created is Ext endedDat a. It is an abstract class and
a direct subclass of Dat a. Moreover, it contains identifying methods for its two possible implementa
tions, namely the class Z and the class Super Pl us. That is, it contains boolean, non-abstract functions
i sZandi sSuper Pl us, which both return f al se intheir implementationin Ext endedDat a.
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public abstract class ExtendedData extends Data
{
publ i c bool ean isZ()

{
return fal se;
}//isZ

publ i ¢ bool ean i sSuper Pl us ()
{
return fal se;
}/ /i sSuper Pl us
}//cl ass Ext endedDat a

The class Z is a direct subclass of Ext endedDat a and overloads the function i sZ, which returns
t r ue inthe class Z. Furthermore, it implementsthe function equal (and also others which are omitted
here for the sake of simplicity), whichis (are) inherited from Dat a.

public class Z extends ExtendedData
{
publ i c bool ean isZ()

{
return true
}//isZ

publ i ¢ bool ean equal (Data x)
{
if (x instanceof ExtendedData)
{
return (((ExtendedData)x).isZ());
y//if
el se

{
return fal se;
}//¢el se
}//equa

}//class Z

The class Super Pl us is aso adirect subclass of Ext endedDat a but overloads the function i sSu-
per Pl us, which returns t r ue in the class Super Pl us. Like the class Z, it has to implement the

function equal (and also others which are again omitted here for the sake of simplicity), because it is
(are) inherited from the abstract class Dat a.
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public class SuperPl us extends ExtendedData
{
private Data argl;
publ i c SuperPl us(Data argl)
{
this.argl=argl
}/ /Super Pl us

publ i ¢ bool ean i sSuper Pl us ()

{
return true;
}/ /i sSuper Pl us

public Data arg(int n)
{
if (n=1)
{
return argl
y//if

return null
Y//arg

publ i ¢ bool ean equal (Data x)

{
if (x instanceof ExtendedData)

{
return (((ExtendedData)x).isSuperPl us()&&
arg(1).equal (((SuperPlus)x).arg(l)));
Y/ /i f
el se

{
return fal se;
}/ /€l se
}//equa

}//cl ass Super Pl us

The classes Z and Super Pl us can now be used to express the chosen data structure. Given the Java

classes above, we can, for instance, create the object z (representing the natural number 3) as a Java
object:

new Super Pl us (new Super Pl us (new Super Pl us (new Zero())))
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As the final step, we have to trandate the algorithm Pl us into Java source code. Generally, al ago-
rithms of a theory are collected in the class Al gor i t hims. As shown in Section 3.2, each rewriterulein
the Theorema definition of Pl us is trandated (via the intermediate language) into an i f -clause on the
Java side. The signature of the Javaimplementation of Pl us is

Dat a pl us (Data _parani, Data _paran?)

Thefirst rewriterule in the definition of Pl us

X+Z=X
istrandated into

i f ((((ExtendedData)_paranR).isZ()))

{
return _parant;

Y//if

Accordingly, the second rewriterule
X+y*=(X+y)"*

istrandated into

i f ((((ExtendedData)_paran®).isSuperPlus()))
{

return new Super Pl us (pl us (_paraml, _paran®.arg(1)));
Y/7if

Hence, thewhole Al gor i t his classlookslikethis:

public class Al gorithns
{
public static Data plus(Data _paramnl, Data _parang)
{
if ((((ExtendedData)_paranR).isZ()))
{
return _paramn;
Y/ /i f

if ((((ExtendedData)_paran®).isSuperPlus()))
{

return new Super Pl us (pl us (_paraml, paran®.arg(1)));
Y/ /i f

return null;
}//pl us
}//class Al gorithns
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Thisisthe well structured and well readable Java source code which the Theorema-Java Compiler finally
created and compiled to Java byte code. If we want to use it for computations, we first have to put the
theory "Plus" into the knowledgebase of the Java-sided execution process:

Java-UseTheories[{"Pl us"}]
We may now compute 2+3:
Java-Conpute[Z** +Z**"]

4+

(((2))))

Before describing the details of the genera aspects of this trandation in the next section, we want to
easily broaden the above example by adding another algorithm, namely multiplication. Thus, we define
the multiplication in our inductive data structure:

Def i nition["Ti mes", any[x, Y1,

X*xZ=2
x*y+=x*y+x]
Z*y:Z

X* %Y =y +X*Y

Theory[" Pl us-Ti nes",
Definition["Plus"]
Definition["Tines"] ]

We may compute ( 1+2) * 3:

Cormput e[ (Z* +2Z*") *Z**", using - (Theory["Pl us-Ti mes" 1]

+y T\ T

({1 ) )

The result is, as expected, 9. Let us compile the theory and have a look at its corresponding Java source
code:

Java-Theory2Java[Theory[" Pl us-Ti nes" 1]

The thereby created class Al gorit hns is identical to the one shown above except that it has an
additional methodt i nes:



4 Tranglation of Abstract Data Types 31

public static Data tines(Data _parani, Data _paran?)

{
if ((((ExtendedData)_paran®).isZ()))

{
return ExtendedFactory. getZ();

Y//if

if ((((ExtendedData)_paran®).isSuperPlus()))

{
return plus(times(_parani, _paran®.arg(1l)), parantl);
Y//1 f

if ((((ExtendedData)_paranil).isZ()))

{ return ExtendedFactory. getZ();

Y//i f

if ((((ExtendedData)_paranil).isSuperPlus()))

{ return plus(_paran®, tines(_paraml. arg(1l), _paran));
Y//if

return null;
}//times

Again, we may now compute using the compiled Java code;

Java-UseTheories[{"Plus-Ti nes"}]

Java-Corrpute[(Z+ +Z+*) *Z*”]
[((((<<<z+>+>*>*)*)‘)+]+]

4.2 General Translation

+

In the previous section we exemplarily presented Theorema programs which work on a data structure
that is built by so-called constructor terms, and we showed its corresponding Java source code. We will
now explain the trandation of such Theorema programs into Java source codein full generality.

The idea for the current way of translation of such programs was given by Martin Giese, [Gies07],
and is a general concept which associates to each type of constructor term a Java class. A constructor isa
constant symbol with a certain arity and a name that is different from all the names of algorithmsin the
current knowledge base. Please note that also the angle brackets ({..)) can be viewed as constructors,
but with an arbitrary arity. A common example of a data structure using constructors are Lisp-style lists:
Given the 0-ary constructor ni | and the binary constructor cons, we can easily construct lists of
arbitrary length, e.g., the term cons[ 18, cons[ 0, cons[ 7, ni | ]]] is the representation of the list
(18, 0, 7). Ancther example is the representation of multivariate polynomials. Given the binary
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constructor Mon and the n-arity constructor PP, we can represent polynomials in n variables. For
instance, the polynomiad 7x?yz3-2yz+5z can be represented by the tuple
(Mon[7,PP[2,1,3]],Mn[-2,PP[0, 1, 1]], Mon[5, PP[ O, O, 1]] ).

Given a Theorema theory, we can extract both the occurring constructors and the defined agorithms.
Hence, in the general, three-part flow of trandation (see Chapter 3), the compiler now hasto do morein
Step 2: beside tranglating the algorithms into Java source code, it has to create a representation of all
occurring constructors. In the course of this these constructors are divided into two parts. the O-ary
constructors Copj, ..., Copn, and the constructors Ci g, ..., Gi, of arity i and i > 0. In the current imple-
mentation of the compiler each constructor is represented by a Java class, which is automatically created
when the associated Theorema theory is compiled. All these Java classes are derived from the intermedi-
ate class Ext endedDat a, which is abstract and directly derived from Dat a (provided by the frame-
work of the Theorema-Java Compiler, see Section 10.2.1). Ext endedDat a is also created automati-
cally and contains identifying methods for each constructor class.

Figure 4.2 shows the over-al class design as an UML class diagram. For the sake of clarity, for each
of the two types of constructors, namely the O-ary ones and the non-zero-ary ones, only one representa-
tive classis depicted: the class Gy, ; standsfor a O-ary constructor, the class G | stands for a constructor
of arity i with i > 0. Furthermore, the Dat a class is colored in grey to indicate that it is not created
automatically in the flow of trandation, but provided by the framework of the Theorema-Java Compiler.
The figure schematically shows several properties of the automatically generated classes:

e For every occurring constructor the class Ext endedDat a contains an identifying boolean
methodi sG ; (i=0, 1< j<n)whichyieldsf al se.

e Theclass G, j , representing a constructor of arity zero, overwrites Ext endedDat a's method
i sCo,; by amethod returning t r ue. By necessity, the class Gy, ; also implements the methods
ar g and equal , which are inherited from the abstract class Dat a.

e The class G, representing a constructor of arity i(i > 0), overwrites Ext endedDat a's
method i sG ; by amethod returning t r ue. By necessity, the class G |; also implements the

methods ar g and equal , which are inherited from the abstract class Dat a. Furthermore, it
containsi private fields of type Dat a and a constructor of arity i.
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1

ExtendedData

+isC; J-():boolean

Cu,j ci,j
-arg, :Data
+isC0 j():boolean .arg. .:Data
+arg(n:int):Data I
+equal(x:Data):boolean << create >>+C; j(arg,Data, .. arg; Data):

+isCi j():boolean’
+arg(n:int):Data
+equal(x:Data):boolean

Figure 4.2: UML Diagram for the Classes of a General Theory

4.3 Time Measurements

As a first demonstration of the Theorema-Java Compiler's power, we will now show the tremendous
speed-up it can achieve. Using again the representation of natural numbers given in Section 4.1, we want
now to compute values of the following mathematical function Bi nomi4:

Bi nomd[n, m] = ((nm) nod 4)

(o) (")

n
A recursive definition of this function, using the well known identity (m)

n,m>0,is:
1 < m=0
Bi nond[n, m] ={1 e n=m
(Binomd[n-1, m-1] +Binomd[n-1, m) nod4 < otherw se

A possible Theorema implementation of this function working on the above mentioned representation of
natural numbersis:
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Definiti on[" Mbd4", any[x],

lvbd4[x++”] 5 l\/bd4[x]]
Mod4 [x] = X

Definiti on[" Bi non¥", any[n, m],

Bi nomd[n, Z] = Z*

Bi non4[n, n] = Z*

Bi nomd[n*, nt] = ]
Mod4 [Bi nomd [n, m] + Bi nomd[n, nm]]

The theory "Binom4" collects the definitions of Mod4, Bi nomd, and Pl us (the latter one is taken from
Section 4.1):

Theory[" Bi non4",
Definition["Plus"]
Definition["Md4"]
Definition["Bi nond"]

We may now compile this theory to Java by

Java-Theory2Java[Theory["Bi nond" 1]

and also load it:

Java-UseTheori es[{"Bi nom4" }]

Asafirst example we want to compute Bi nomd[ 15, 7] . Using the Mathematica built-in functions Mod
and Bi nomi al , wefind that:

Mod [Bi noni al [15, 7], 4]

For computing Bi nom4[ 15, 7] in acomputational session of Theorema, we execute:

Conput at i onal Sessi on[]
Use[(Theory["Bi nom4" 1)1

++
+++++
4+

Bi norm[z++” , ] /7 Absol ut eTi nmi ng

EndConput at i onal Sessi on[]

{0. 3437500, ((z*)")"}

The same computation on the Java side is achieved by
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Java-Con’pute[Bi nomd,[z++++++ Lzt ]] // Absol ut eTi mi ng
{0.0156250, ((z*)")"}

Hence, the speed-up factor in this example is about 20. As a second example, let us compute
Bi nom4[ 19, 9] . Mathematicatellsus

Mod [Bi nomi al [19, 9], 4]

In a Theorema computational session we get

Conput at i onal Sessi on[]
Use[(Theory["Bi nomd" 1)1

w7t

Bi nomﬂ,[z++++ Lzt ] // Absol ut eTi ni ng

EndConput at i onal Sessi on[]

{4.8906250, (Z*)"}

Using the compiled version of the algorithmswe are much faster:

w7t

Java-Oorrpute[Bi nomﬂf[Z+++++++ , 7t ]] // Absol ut eTi ni ng

(0. 0468750, (Z*)"}

In this example the execution is around 100 times faster on the Java side than in a computational session
of Theorema. Table 4.1 shows further time measurements with the function Bi nomd. The first column
of this table states the computation task, and the second and third column state the numbers of seconds
needed for the execution of the corresponding origina Theorema code and the compiled one, respec-
tively. The fourth column gives the speed-up factor of the compiled program with respect to the original
Theorema program.

Task Theorema Compiled Theorema Speed — up Factor
Bi nom4[15, 7] 0.33s 0.02s 17
Bi non¥[17, 8] 1.27s 0.02s 64
Bi non#[19, 9] 48s 0.06s 80
Bi nom4[21, 10] | 18.39s 0.19s 97
Bi nom4[25, 12] | 269.48s 27s 100

Table 4.1: Time Measurements of Bi nomd
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5 Translation of Sequence Variables

Sequence variables, which are variables for which an arbitrary finite number (including zero) of terms
can be substituted, add expressiveness and elegance to the Theorema language. For example, all of the
following terms match the pattern (m, my: (3), (3, a), (3, a, &, b), (5, 3, (2, 3)). However, the empty
tuple () does not match (m, m). Together with pattern matching, sequence variables turn out to be
extremely useful in practice and lead to well structured and well readable programs in predicate logic.
The problem of trandating sequence variables from Theorema to Java is that such variables are not
supported by the Java language. Therefore, we had to come up with a mechanism which imitates
sequence variables on the Java side. This chapter is about this mechanism and how the actual translation
works. Please note that, although sequence variables with all conceivable flexibility are fully supported
by the Theorema language, only a certain type of patterns is supported by the current version of the
Theorema-Java Compiler, namely only patterns with one sequence variable at the very end of the pattern.
For example, the compiler is able to trandate the pattern (m, m), but it does not support the pattern
(m, m). Although, at first sight, this looks like a severe limitation of the compiler compared to the
flexible support of sequence variables in Theorema, practice shows that sequence variables are mostly
used in exactly those kinds of patterns that are supported by the compiler.

The original ideas for translating sequence variables to Java were mainly given by Bruno Buchberger
([BuchO7a]).

5.1 An Example: | nsert Or dered

Before describing the above mentioned mechanism and the general way sequence variables are trans-
lated, we want to show the usage of sequence variables and the corresponding Java source code in an
example, namely the algorithm | nsert Or der ed, which inserts an element in a sorted list such that the
list stays sorted. Here isthe definition of the function | nser t Or der ed and the associated theory:

Definition["lnsertOrdered", any[x, y, V1,

Insert Ordered[x, ()] = (X)
X -InsertOrdered[y, (y)] & X<y

| tOrdered[x, (Y, = i
nser ered[x, (y, ¥>] {yv|nsert0rdered[x, (y>] < otherw se

Theory["I nsert OrderedTheory",
Definition["InsertOrdered']]

The first parameter of this function is the element to be inserted into the list which is given in the second
parameter. The function is defined by two rewrite rules which are distinguished by pattern matching on
the structure of the second parameter: If the list (the second parameter) is empty, the singleton tuple with
the first parameter is returned. If the list has at least one element, two cases are distinguished depending
on therelative order of the first parameter and the first element of the list.

Let uslook at two computationsin Theorema (we have to add the packages for tuples and, because of
the case distinction, for connectivesto our knowledge base) :
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Conput e[l nsert Ordered[13, ()], using - (Built-in["Tuples"],
Built -in["Connectives"], Theory["Insert OrderedTheory"]1)]

(13)

Conput e[l nsert Ordered[13, (1, 6, 9, 14, 20, 99)],
using -» (Built-in["Tuples"],
Built -i n["Connectives"], Theory["Insert OrderedTheory"]1)]

(1, 6, 9, 13, 14, 20, 99)

To compilethis Theorematheory to Java, we have to enter

Java-Theory2Java[Theory["| nsert OrderedTheory"]]

The Java code of the function | nser t Or der ed lookslikethis:

public static Data insertOrdered(Data _paraml, Data _paran®)
{
if ((Bl _Tuple.|sTuple(_paran?)&&(((Tupl e)_paran?).size()=0)))
{
return new Tupl e(new Data[]{_paraml});
Y771 f

if ((Bl _Tuple.|sTuple(_paranR)&&(((Tupl e)_paran®).size()z1)))

{
if (Rationals.|ess(_parantl, paran2.arg(l)))

{
return Bl _Tupl e. prepend (_parani, (Tupl e)i nsert Ordered(_paran®.arg(1),
Bl _Tupl e. creat eTupl e(new Data[]{
Bl _Tupl e. rest AsSequence( (Tupl e) _paran®) })));
Y/ /i f

return Bl _Tupl e. prepend (_paran®. arg (1), (Tupl e)i nsert Or der ed (_par ant,
Bl _Tupl e. creat eTupl e(new Data[]{
Bl _Tupl e. rest AsSequence((Tupl e) _paran®)})));
Y//if

return null;
}//i nsert O dered

Please note the following features of this code:

e Thefirsti f -clause matches, if the second parameter is an empty tuple. This clause corresponds
precisely to thefirst rewrite rule of the Theorema definition of the function:

Insert Ordered[x, ()] = {X)

e The second i f -clause matches, if the second parameter is a tuple (Bl _Tuple.ls-
Tupl e( _par an®) ) with at least one element (( ( Tupl €) _par an®) . si ze() =1). Thisis
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exactly what the left hand side of the second rewrite rule of the Theorema definition of the
functiontellsus:

X -InsertOrdered[y, (y)] & X<y

| t Ordered[X, » Y1 = i
nser eredix, <y. y71 {yvlnsertOrdered[x, (y>1 « otherwise

e Theinneri f -clause usesthe function | ess of the class Rat i onal s. The Theorema predicate
< is automatically trandlated in this way because the default domain for < is the domain of
rational numbers, which isimplemented in the JavaclassRat i onal s (see Section 9.1).

e The class Bl _Tupl e provides the functions r est AsSequence, which extracts al but the
last elements of a tuple, and cr eat eTupl e, which forms a tuple out of an array of Dat a
elements. Used together in the way shown in the example code above, they provide a way of
expressing sequence variablesin Java.

We can now load the theory "InsertOrderedTheory":

Java-UseTheories[{"| nsert OrderedTheory" }]

and then use the compiled code for computations:

Java-Comput e[l nsert Ordered[13, ()]1]
(13)
Java-Comput e[l nsert Ordered[13, (1, 6, 9, 14, 20, 99)1]

(1, 6, 9, 13, 14, 20, 99)

5.2 General Translation

The trandation of sequence variables into an equivalent mechanism in Java needs handling in all three
stages of the general flow of trandation (see Chapter 3). The intermediate language (see also Chapter 3),
originally design by Tudor Jebelean, had to be extended by the author to also cope with sequence
variables. Additionally, in the second step of the flow special rules have to be applied to handle these
extensions correctly. And furthermore, the Javarsided framework of the Theorema-Java Compiler
provides auxiliary methodsto deal with these sequence-imitating structures.

5.2.1 Modifications of the Intermediate Language

The procedure of pattern matching elimination and the associated intermediate language (see Section
3.1) did originally not support sequence variables. The author added this functionality such that sequence
variables are now conveniently translated into the intermediate language and, therefore, ready for being
processed further.
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A typical definition of a Theorema function (or predicate) which uses a sequence variable looks like
this. f [{(X1, ... Xn, §)] = e. (Please note again that this is the only way sequence variables are
supported by the current version of the Theorema-Java Compiler, namely a single sequence variable at
the very end of the pattern; see the beginning of this chapter.) x; (for 1 <i <n) is either a constant
symbol, either a normal (i.e., non sequence) variable, or a nested expression of the form D[..] for some
constructor D. The expression e isthe body of f and is defined intermsof x; (for L<i<n)and$. The
function f coded in the intermediate language looks like this:

eDeFun[esig["f"], (_parantl),
«Condi tional [({(sconst [™Tupl e] = «Head[_paranil]) A
(*Tupl eSi ze[_paraml] 2n) AT, e*))]1]

The first condition in the conjunction expresses that the parameter of f has to be atuple. The second one
says that the length of this tuple has to be at least n (because the sequence variable § in
f [{(X1, ... Xn, §)] matches sequences of any length including zero). T is obtained by recursively
applying the methods of Section 3.1 and this section to al x; (for 1 <i < n) and forming the conjunc-
tion. e* results from replacing § in e by sseq-rest [_paraml, n], expressing that § is obtained
from _paraml by dropping the first n elements.

If the function definition hasthe simpleshapef [(§)] = e, thetrandationof f iseven easier:

eDeFun[esig["f"], (_parantl),
«Condi tional [({(sconst [™Tupl e] = *Head[_paranil]), e*))11]

e* resultsfromreplacingS ine by eseq[_paranil].

5.2.2 Modifications of the Compiler

In the previous chapter we introduced two new constructs of the intermediate language: * seq and
*seq-rest. We now present the necessary adaptions of the Theorema-Java Compiler in order to
handle these statements and produce the corresponding Java source code. * seq[ e] , for some expres-
sion e, istrandated into

((Tupl e)e*). asSequence ()

wheree* isthe trandation of e and asSequence() isamethod of the Javaclass Tupl e, see aso the
next section. eseq-r est [_paranil, n],for someexpression e and someinteger n, istransated into

Bl _Tupl e. rest AsSequence( (Tupl e)e*, n)

where e* is the trandation of e and r est AsSequence is a method of the Javaclass Bl _Tupl e, see
also the next section.

Additionally to these two adaption, the compiler has now to distinguish two cases: First, a tuple
(given initsintermediate language representation with t ; being expressions)
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*Expr [sconst [™Tupl e], ™Tupl e[t,, .., tn]]

whichisfreeof e seq and * seq-r est istrandated into

new Tupl e (new Data[]{t:*, ..., tn"})

wheret;* isthe trandation of t; (for 1 <i < n). Secondly, if atupleis not free of « seq and » seq-r est ,
it istrandated into

BI_TupIe.createTupIe(new Data[]{tl*,“.,tn*})
whereagain tj* isthetrandation of t; (for 1 <i < n).

5.2.3 Modifications of the Java Framework

As dready indicated in the previous chapter, the framework of the Theorema-Java Compiler provides
three methods for supporting sequence variables. The first oneisasSequence() of theclassTupl e:

publ i ¢ Sequence asSequence ()

{
return new Sequence(j!s);
}//asSequence

j | s isagloba Dat a array which holds all the entries of the tuple. So, this method simply encapsulates
the data of the tuple in a Sequence object. The second method isr est AsSequence defined in the
classBl _Tupl e as

static public Sequence rest AsSequence(Tuple t,int n)
{
Data[] s = new Dataf[t.size()-n];
for (int i=n;i<t.size();i++) s[i-n]=t.arg(i+1);
return new Sequence(s);
}//rest AsSequence

It encapsulates the entries of t starting with the n+1st entry in a Sequence object. Finally, the method
creat eTupl e, whichisaso definedintheclassBI _Tupl e, doestherea work:
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static public Tuple createTuple(Data[] jIs)

{
Arrayli st<Data> al = new Arrayli st<Data>();
Data[] ts = new Data[0];

for(int i=0;i<jls.length;i++)
{
if (jIs[i] instanceof Sequence)
{
for (int j=0;j<((Sequence)jls[i]).size();]++)
al . add (((Sequence)jls[i]).arg( +1));
y//if
el se
al.add (jIs[i]);
}y//for

ts=al .toArray(ts);
return new Tupl e(ts);
}//createTupl e

This method takes an array of Dat a objects and creates a new tuple with the entries of the array, only
that entries of sequences are flattened. Let us have alook at the following example code:

Sequence s = new Sequence(new Data[]{Bl _I nteger.val ueCr (18), Bl _I| nt eger. val ueX (7)});
createTupl e(new Data[]{s, Bl _I nteger. val ueC (79) })

Aninstance s of the class Sequence isdeclared having the two entries

Bl _Integer.val ueOr(18) andBl _I nteger. val ued (7). Then, the method

Bl _Tupl e. creat eTupl e iscaled and aDat a array containing s and

Bl I nteger.val ued (79) is passed to it. The return value of this call is a tuple of length three
havingtheentriesBl _| nt eger . val ueCr (18),

Bl _Integer.valueO(7),andBl _Integer.val ued (79). So, the sequence s was flattened,
and theelement Bl _I nt eger . val ueO ( 79) wasappended.

5.3 Time Measurements

Extending the very first example of this part of the thesis (see Section 2.4), we will now implement the
well known mergesort algorithm in Theorema, compile it to Java, and compare the runtime of some
examplesin both variants. For this, we need the following three functions:

e Mer ge: It takes two sorted lists of integers and merges them such that the resulting list is again
sorted. For instance, Mer ge[ (1, 3, 5), (2, 4)] returns (1, 2, 3, 4, 5).

e SplitList: It takes one list, splits it into two halves, and returns a list containing these
halves. For instance, Spl i t Li st [ (1, 2, 3, 4, 5)] returns ({1, 2), (3, 4, 5)).

e MergeSort: This function implements the mergesort algorithm. For instance,
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Mer geSort [ (18, 7,79, 19)] returns (7, 18, 19, 79).

Definition[" Merge", any[X, X, Yy, V1,

Merge[(X), ()1 =<X)
Merge[(), <Y>1=<Y) ]

_[x=Merge[<X), <y, ¥>] X<y
Merge[(X, X), (Y, ¥>1] _{y-l\/brge[<x, XY, (y>]1 <« otherwise

ft

Definition["SpIitLi st", any[x],
SplitList[x] =

((Xi i=1, .l.,n/z)’ (Xi i=n/2»|rl, n>) =z2n
(<Xi i=1,.., I(n—l)/z)’ (Xi i=(n+1)|/2, n))

Definiti on[" MergeSort", any[x],

where[n =X},
ot herwi se

ft

MergeSort [(X)] = (X)
MergeSort [x] =where[split =SplitList[x],
Merge[MergeSort [split,;], MergeSort [split,]1]1]

Theory [ Mer geSor t Theor y",
Definition["Merge"]
Definition["SplitLi st"]]
Definition["MergeSort"]
For the computations bel ow we use the following knowledge base:

Use[(Built-in["Tuples"], Built-in["Nunbers"],
Built-in["Quantifiers"], Built-in["Connectives"])]

We can now check the examplesfrom above:
Conpute[Merge[(1, 3, 5), (2, 4)], using - (Theory["MergeSort Theory"1)]

(1, 2, 3, 4, 5)

Conpute[SplitList[¢l, 2, 3, 4, 5)], using - (Theory["MergeSort Theory"1)]
(1, 2), (3, 4, 5))

Conput e[MergeSort [(18, 7, 79, 19)], using - (Theory["MergeSort Theory"]1)]

(7, 18, 19, 79)
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We may compile the theory "MergeSortTheory" to Java by

Java-Theory2Java[Theory [" MergeSort Theory" 1]

and also load it:

Java-UseTheori es[{"MergeSort Theory" }]

Let ussort alist of length 100 in a Theorema computational session:

Conput at i onal Sessi on[]

Use[(Theory[" MergeSort Theory"1)]

MergeSort [(183, 424, 411, 78, 313, 450, 248, 181, 347, 333, 125, 254, 28,
111, 450, 32, 480, 43, 43, 130, 302, 376, 299, 455, 263, 478, 257, 121,
344, 467, 280, 286, 230, 156, 154, 411, 356, 261, 433, 85, 160, 74, 281,
130, 398, 106, 494, 205, 403, 75, 430, 403, 490, 370, 170, 211, 422, 423,
336, 391, 374, 425, 414, 311, 241, 18, 333, 500, 15, 247, 108, 207, 466,
57, 252, 131, 368, 228, 444, 89, 181, 191, 2, 86, 472, 117, 305, 429, 31,
189, 176, 272, 195, 253, 418, 253, 248, 124, 412, 63)] // Absol ut eTi m ng

EndConput at i onal Sessi on[]

{0. 4062500,
106, 108,
176, 181,
248, 248,
302, 305,
391, 398,
430, 433,

(2, 15, 18, 28, 31,

111,
181,
252,
311,
403,
444,

117,
183,
253,
313,
403,
450,

121,
189,
253,
333,
411,
450,

124,
191,
254,
333,
411,
455,

32, 43, 43, 57, 63, 74, 75, 78, 85,

125,
195,
257,
336,
412,
466,

130,
205,
261,
344,
414,
467,

The same computation on the Java side is achieved by

Java-Conput e[
MergeSort [(183, 424, 411, 78, 313, 450, 248, 181, 347, 333, 125, 254, 28,
111, 450, 32, 480, 43, 43, 130, 302, 376, 299, 455, 263, 478, 257, 121,
344, 467, 280, 286, 230, 156, 154, 411, 356, 261, 433, 85, 160, 74, 281,
130, 398, 106, 494, 205, 403, 75, 430, 403, 490, 370, 170, 211, 422, 423,
336, 391, 374, 425, 414, 311, 241, 18, 333, 500, 15, 247, 108, 207, 466,
57, 252, 131, 368, 228, 444, 89, 181, 191, 2, 86, 472, 117, 305, 429, 31,
189, 176, 272, 195, 253, 418, 253, 248, 124, 412, 63)]1] // Absol ut eTi nmi ng

{0. 0156250,
106, 108,
176, 181,
248, 248,
302, 305,
391, 398,
430, 433,

(2, 15, 18, 28, 31,

111,
181,
252,
311,
403,
444,

117,
183,
253,
313,
403,
450,

121,
189,
253,
333,
411,
450,

124,
191,
254,
333,
411,
455,

32, 43, 43, 57, 63, 74, 75, 78, 85,

125,
195,
257,
336,
412,
466,

130,
205,
261,
344,
414,
467,

130,
207,
263,
347,
418,
472,

130,
207,
263,
347,
418,
472,

131, 154,
211, 228,
272, 280,
356, 368,
422, 423,
478, 480,

131, 154,
211, 228,
272, 280,
356, 368,
422, 423,
478, 480,

156,
230,
281,
370,
424,
490,

156,
230,
281,
370,
424,
490,

160,
241,
286,
374,
425,
494,

160,
241,
286,
374,
425,
494,

86, 89,
170,
247,
299,
376,
429,
500) }

86, 89,
170,
247,
299,
376,
429,
500)}

In this quite small example the execution is around 25 times faster on the Java side than in a computa-
tional session of Theorema. Table 5.1 showsfurther time measurementswith the function Mer geSor t .
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Task

Theorema Compiled Theorema Speed — up Factor

Mer geSor t [100 elements]
Mer geSor t [200 elements]
Mer geSor t [300 elements]
Mer geSor t [500 elements]
Mer geSor t [1000 elements]

041s 0.02s 21

148s 0.02s 74
3.3s 0.03s 110
10.7s 0.06s 178

62.53s 0.19s 329

Table5.1: Time Measurements of Mer geSor t
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6 Translation of Higher Order Functions

The Theorema-Java Compiler is able to translate functions which take one or more functions as input.
Although Java does not directly support first-class functions, it is possible to overcome this limitation by
encapsulating methods in objects and then pass these objects. For this mechanism to work, it is necessary
that the encapsulating class is derived from a certain base class or that it implements a certain interface.
In the current version of the Theorema-Java Compiler the former variant is implemented, namely all data
that is passed to a compiled method is of type Dat a, which implements the method cal | , whose
signatureisDat a cal | (Data[]).

6.1 An Example: Doubl eMap

Before explaining the details of the trandlation of higher order functionsin the above stated way, we want
to give asimple exampleto explain the basic ideas of thistransation step.

The function Doubl eMap takes as arguments a function and alist, applies the function twice to each
element of thislist, and returns the resulting list. For testing Doubl eMap, we additionally implement the
functionsPl usOne and MapAddTwo, and, finally, we pack everything together into the theory "Double
MapTheory".

Definition["PlusOne", any[x],
Pl usOne[x] = X +1]

Definiti on[" Doubl eMap", any[x, X, f],

Doubl eMap[f, ()1 = O
Doubl eMap[f, (X, X)] =f [f [X]] - Doubl eMap[f, ()‘()]]

Definition["MapAddTwo", any [Xx],
MapAddTwo [x] = Doubl eMap [Pl usOne, x]1]

Theory [ MapAddTwoTheor y",

Definition["PlusOne"]
Def i nition["Doubl eMap" ]
Definition["MapAddTwo" ]

Doubl eMap is ahigher order function, which treats its first argument as a function and applies it to the
elements of the list that comes as second argument. It is very similar to the map function which is very
commonin functional programming languages and also implemented in Mathematicaas Map.

The following computation adds two times 1 to every element of thelist (1, 2, 3, 4, 5) by
applying the function MapAdd Two to thislist:
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Conput e [MapAddTwo [(1, 2, 3, 4, 5)], using -
(Built -in["Tuples"], Built-in["Nunbers"], Theory[" MapAddTwoTheory"1)]

(3, 4,5 6, 7)

In order to do the same computation on the Java side, we first compile the theory

Java-Theory2Java[Theory[" MapAddTwoTheory" 1]

and then load it

Java-UseTheori es[{" MapAddTwoTheory" }]

We can now use the compiled code for computations:

Java-Comput e [MapAddTwo [(1, 2, 3, 4, 5)]]

(3, 4,5 6, 7)

The Java code of the function Doubl eMap lookslike this:

public static Data doubl evap(Data _parani, Data _paranR)
{
if ((Bl _Tuple.|sTuple(_paran?)&&(((Tupl e)_paran®).size()=0)))
{
return new Tupl e(new Data[]{});
Y771 f

if ((Bl _Tuple.|sTuple(_paranR)&&(((Tupl e)_paran®).size()z1)))

{
return Bl _Tupl e. prepend (_parant. cal | (new Data[]{_paraml. call (
new Data[]{_paran®.arg(1)})}), (Tupl e)doubl eMap (_par ant, Bl _Tupl e.
creat eTupl e(new Data[]{Bl _Tupl e. rest AsSequence((Tupl e) _paran®, 1)})));
Y/7i f

return null;
}//doubl eMap

So, the first parameter _par amll isused as afunction by calingitscal | method. To make thisinvoca
tion work, we have to pass an appropriate object as first parameter. Let us have alook at how thisis done
in the method mapAddTwo:

public static Data nmapAddTwo (Data _parant)

{
return doubl eMap (new Pl usOneFunction(), _paraml);

}//mapAddTwo

mapAddTwo calls the method doubl eMap and passesto it an instance of the class
Pl usOneFuncti on as first parameter. This class is automatically created by the compiler and is



6 Trandation of Higher Order Functions 47

implemented like this:

public class PlusOneFunction extends Function

{
Ext endedDat a _par anil=nul | ;

publ i c Pl usOneFunction()

{
}/ /Pl usOneFuncti on

publ i c Pl usOneFuncti on(Ext endedDat a _par anil)

{
this. _paranl=_par ant;
}/ /Pl usOneFuncti on

public Data cal |l (Data[] args)
{
if (args.|ength=:1)
{
return Al gorithns. pl usOne(args[0]);

y/7if

return Al gorithns. pl usOne(_parant);
}//call
}//cl ass Pl usOneFuncti on

It basicaly contains the function cal |, which takes an array of Data and calls the method
Al gorit hms. pl usOne accordingly.

6.2 General Translation

The general trandation of higher order functions and predicates is based on two ingredients:. the creation
of an encapsulating function class (like Pl usOneFunct i on in the previous example), whichis created
by the Theorema-Java Compiler automatically for every function and every predicate of a theory, and
theinvocation of itscal | method.

Let us have alook at a simple example that is as general as possible and as complicated as necessary.
The function f is defined as f [ g, X] =g[ x] , the function z is defined as z[ x] =e (where e is an
expression defined in terms of x), and the function a is defined as a[ x] =f [ z, x] . The function f
coded in the intermediate language looks like this:

{(*DeFunf[esig["f"], (_paraml, _paranR),
«Conditional [({([A], *Expr[_paraml, (_paran2)])>11)

The parameter _paraml in «Expr [_paranil, (_paran®)] is used as a function, and, hence, the
corresponding Java code of f is:
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public static Data f (Data _parani, Data _par an®)
{

return _paraml. cal | (new Dataf[]{_paranR});
Y/ /1

So, the function f takes two parameters, invokes the cal | method of the first, and passes to it the
second as an array with one entry. For making this mechanism work, the invoking method has to pass to
f an instance of a subclass of the class Funct i on, which is abstract and directly derived from Dat a.
To see how thisworks, et us have alook at the function a in intermediate language:

eDeFun[esig["a"], (_parantl),
«Conditional [({[A], *Expr [econst [f], (econst [z], _paraml)]))]]

The corresponding Java codeis:

public static Data a(Data _paraml)

{
return f (new zFunction(), _paraml);
}//a

The function a callsf and passes a new instance of zFunct i on, which is automatically created by the
Theorema-Java Compiler. Here isits Java code:

public class zFunction extends Function

{
Ext endedDat a _par ani=nul | ;

public zFunction()

{
}//zFunction

publ i c zFuncti on(Ext endedData _paranil)

{
this. _paraml=_parant;
}//zFunction

public Data call (Data[] args)
{
if (args.|ength==1)
{
return Al gorithms.z(args[0]);
Y/ /i f

return Al gorithns. z(_parantl);
}y//call
}//cl ass zFuncti on

Hence, when f is called (by the method a), it invokes the cal | method of its first argument, which is
the newly created instance of the class zFunct i on, and this method checks the number of arguments
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and eventually callsthe method Al gori t hns. z.

6.3 Time Measurements

In this section we want to extend the mergesort example from Section 5.3 even further by implementing
the algorithm as a higher order function. For this, the function Mer geSor t gets as second parameter a
predicate defining the sorting ordering. This predicate is then passed through to Mer ge, which usesit to
actually merge the two lists accordingly. Additionally, we define the predicates LessFunc and
G eat er Func, which implement the predicates < (less than) and > (greater than), respectively. The
functions Mer geSor t | ncr easi ng and Mer geSor t Decr easi ng finally put together the higher
order function Mer geSor t and these ordering predicates.

Definiti on[" Or der Functi ons", any[Xx, Y],

LessFunc[X, y] & (X <VY)
GreaterFunc[x, y] & (X >VY)

Definition[" Merge", any[X, X, VY, V, FI,

Merge[(X), (), F] =(X)

Merge[(), <¥), F1 =<y ]
_ X*'\/Eng[()z), <Y- y): F] < F[X1 Y]

Mergef<x. X5, <y, ¥). Fl _{y~l\/brge[(x, %y, (y>, F]1 « otherw se

Definiti on[" MergeSort", any[x, FI,

MergeSort [(x), F] = (X)

MergeSort [x, F] =where[split = SplitList[x],
Merge[MergeSort [split,, F], MergeSort [split,, F], F1]

Mer geSort Ascendi ng[x] = MergeSort [x, LessFunc]

Mer geSort Deccendi ng[x] = MergeSort [x, G eater Func]

Theory [ Hi gher Or der Mer geSor t Theor y",

Definition["O derFunctions"]
Definition["Merge"]
Definition["SplitList"] ]
Definition["MergeSort"]

For the computations below we use the following knowledge base:

Use[(Built-in["Tuples"], Built-in["Nunmbers"],
Built-in["Quantifiers"], Built-in["Connectives"]1)]

If we want, for instance, to sort the list (99, 12, 5, 34, 9, 1, 18, 7) in ascending order, we
compute
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Conput e[

Mer geSort Ascendi ng[(183, 424, 411, 78, 313, 450, 248, 181, 347, 333, 125,
254, 28, 111, 450, 32, 480, 43, 43, 130, 302, 376, 299, 455, 263, 478,
257, 121, 344, 467, 280, 286, 230, 156, 154, 411, 356, 261, 433, 85, 160,
74, 281, 130, 398, 106, 494, 205, 403, 75, 430, 403, 490, 370, 170, 211,
422, 423, 336, 391, 374, 425, 414, 311, 241, 18, 333, 500, 15, 247, 108,
207, 466, 57, 252, 131, 368, 228, 444, 89, 181, 191, 2, 86, 472, 117,
305, 429, 31, 189, 176, 272, 195, 253, 418, 253, 248, 124, 412, 63)],

usi ng » (Theory["H gher Or der Mer geSor t Theory" 1)1 // Absol ut eTi mi ng

{0. 5312500, (2, 15, 18, 28, 31, 32, 43, 43, 57, 63, 74, 75, 78, 85, 86, 89,
106, 108, 111, 117, 121, 124, 125, 130, 130, 131, 154, 156, 160, 170,
176, 181, 181, 183, 189, 191, 195, 205, 207, 211, 228, 230, 241, 247,
248, 248, 252, 253, 253, 254, 257, 261, 263, 272, 280, 281, 286, 299,
302, 305, 311, 313, 333, 333, 336, 344, 347, 356, 368, 370, 374, 376,
391, 398, 403, 403, 411, 411, 412, 414, 418, 422, 423, 424, 425, 429,
430, 433, 444, 450, 450, 455, 466, 467, 472, 478, 480, 490, 494, 500)}

To sort the samelist in descending order, we call

Conput e [Mer geSor t Deccendi ng[

(183, 424, 411, 78, 313, 450, 248, 181, 347, 333, 125, 254, 28, 111, 450,
32, 480, 43, 43, 130, 302, 376, 299, 455, 263, 478, 257, 121, 344,

467, 280, 286, 230, 156, 154, 411, 356, 261, 433, 85, 160, 74, 281,
130, 398, 106, 494, 205, 403, 75, 430, 403, 490, 370, 170, 211, 422,
423, 336, 391, 374, 425, 414, 311, 241, 18, 333, 500, 15, 247, 108,
207, 466, 57, 252, 131, 368, 228, 444, 89, 181, 191, 2, 86, 472, 117,
305, 429, 31, 189, 176, 272, 195, 253, 418, 253, 248, 124, 412, 63)],

usi ng -» (Theory ["H gher O der Mer geSor t Theory" 1)1 // Absol ut eTi m ng

{0. 5312500, (500, 494, 490, 480, 478, 472, 467, 466, 455, 450, 450, 444, 433,
430, 429, 425, 424, 423, 422, 418, 414, 412, 411, 411, 403, 403, 398,
391, 376, 374, 370, 368, 356, 347, 344, 336, 333, 333, 313, 311, 305,
302, 299, 286, 281, 280, 272, 263, 261, 257, 254, 253, 253, 252, 248,
248, 247, 241, 230, 228, 211, 207, 205, 195, 191, 189, 183, 181, 181,
176, 170, 160, 156, 154, 131, 130, 130, 125, 124, 121, 117, 111, 108,
106, 89, 86, 85, 78, 75, 74, 63, 57, 43, 43, 32, 31, 28, 18, 15, 2)}

Let us now compile and load the theory "HigherOrderM ergeSortTheory" and make the same calculations
on the Java side:

Java-Theory2Java[Theory["H gher Order MergeSort Theory" 1]

Java-UseTheori es[{"H gher Or der Mer geSort Theor y" }]
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Java-Conmput e[

Mer geSort Ascendi ng[(183, 424, 411, 78, 313, 450, 248, 181, 347, 333,
125, 254, 28, 111, 450, 32, 480, 43, 43, 130, 302, 376, 299, 455,
263, 478, 257, 121, 344, 467, 280, 286, 230, 156, 154, 411, 356,
261, 433, 85, 160, 74, 281, 130, 398, 106, 494, 205, 403, 75, 430,
403, 490, 370, 170, 211, 422, 423, 336, 391, 374, 425, 414, 311,
241, 18, 333, 500, 15, 247, 108, 207, 466, 57, 252, 131, 368,
228, 444, 89, 181, 191, 2, 86, 472, 117, 305, 429, 31, 189, 176,
272, 195, 253, 418, 253, 248, 124, 412, 63)]] // Absol ut eTi m ng

{0. 0156250, (2, 15, 18, 28, 31, 32, 43, 43, 57, 63, 74, 75, 78, 85,

106, 108, 111, 117, 121, 124, 125,
176, 181, 181, 183, 189, 191, 195,
248, 248, 252, 253, 253, 254, 257,
302, 305, 311, 313, 333, 333, 336,
391, 398, 403, 403, 411, 411, 412,
430, 433, 444, 450, 450, 455, 466,

130, 130,
205, 207,
261, 263,
344, 347,
414, 418,
467, 472,

131,
211,
272,
356,
422,
478,

154, 156,
228, 230,
280, 281,
368, 370,
423, 424,
480, 490,

160,
241,
286,
374,
425,
494,

86, 89,
170,
247,
299,
376,
429,
500)}

In this quite small example the execution is around 30 times faster on the Java side than in a computa-
tional session of Theorema. Table 6.1 shows further time measurements with the function

Mer geSor t Ascendi ng.
Task

Theorema Compiled Theorema Speed — up Factor

Mer geSor t Ascendi ng[100 elements] 0.53s 0.02s 27
Mer geSor t Ascendi ng[200 elements] 153s 0.03s 51
Mer geSor t Ascendi ng[300 elements] 34s 0.03s 113
Mer geSor t Ascendi ng[500 elements] 10.7s 0.06s 178
Mer geSor t Ascendi ng[1000 elements] 62.4s 0.19s 328

Table 6.1: Time Measurements of Mer geSor t Ascendi ng
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7 Translation of Functors

In thisthesis, a domain is a carrier together with operations (functions and predicates) on this carrier, and
a functor is a function that generates a new domain from given ones. Functors provide an elegant
approach to generic programming and were introduced in the Theorema system by the work of Bruno
Buchberger ([Tma00]). For example, using functors, the code for the operations in the domain of polyno-
mials over a coefficient domain needs to be written only once, independent of the specific coefficient
domain. By iteration, the application of (agorithmic) functors to domains generated by (algorithmic)
functors (starting from some initial, algorithmic domains) may generate a wide spectrum of (algorithmic)
domains with only very little code for the few functors involved. An introduction to functors, their
power, and their usage in Theorema (including alot of examples) is givenin [Buch03] and [Buch08].

The Theorema-Java Compiler is able to trandate domains which are defined by the application of
functors, and, for that, provides the command Java—Decl ar eDomai n. Additionaly, the framework
of the compiler offers three basic domains (see Section 10.3.2): the class | nt eger s representing the
domain of integers, the class Rat i onal s representing the domain of rational numbers, and the class
I nt eger sMbd5 representing the domain of integers modulo five.

In this chapter of the thesis, we present first an introductory example and then explain the general
tranglation of Theorema definitions based on functors and domains. In Chapter 11, we will present a
whole case study on Grobner Bases, where we make extensive use of functors and domains.

7.1 An Example: Cart esi anPr oduct

The functor Cart esi anProduct takes a domain D and generates the domain DxD, the cartesian
product of D and D. Further details on this functor and a detailed description of the syntax and semantic
can be found in [Buch03].

Definiti on[" Cartesian Product", any[D],
Cart esi anProduct [D] = Funct or [N, any [X, x1, x2, y1, y2],

s={()

e Xl e (is-tuplerxi A\ (1xi=2) A\ € 41 A\ € %1)
o5 @

(X1, XZ)E(yl, y2) & ((xlgyl) /\ (XZEyZ))

(X1, x2) * yl, y2) = (xl Byl, X2 ByZ)

Il

Definition["CP Donai ns",
CP-I nt = Cartesi anProduct [N]]

Given adomain D with the decision predicateg (i.e, € [X] vyieldst r ue, if and only if X isan element
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of the carrier of D), the binary predicate >, and the binary function * Cart esi anProduct [ D]
D
returnsadomain, let us call it N, with two predicates, one function, and a constant:

e The unary decision predicate of Nis defined as

e Xl e (is-tuplerx] A\ (1X1=2) A\ € 1 A g 1%1)

That is, an arbitrary X is element of the carrier of the new domain N, if and only if X is atuple, it is of
length two, and its two components belong to the carrier of D.

e The binary predicate > is defined component-wisein terms of >:
N D

X1, X2) > (yl, y2) & ((xl >y1) /\ (x2 >y2))
N D D

e The constant O of Nisdefined as

0=<o, o)
N D D

e The binary operation + is defined component-wisein terms of + :

(X1, x2) * (yl, y2) = <x1 Byl, X2 Byz)

Additionally, the domain CP-I nt is defined as Cart esi anProduct [N], i.e, CP-Int is the
cartesian product NxN.

We want now to do some computations in this domain in both Theorema and Java. For this, we use
the following knowledge base:

Use[(Built-in["Tuples"], Built-in["Connectives"],

Built -i n["Nunbers"], Built-in["Nunber Donmins"], Built-in["Sets"],
Definition["Cartesian Product"], Definition["CP Domai ns"1)]

The following computation determines whether the tuple (18, 7) isan element of the carrier of
CP-Int:

cOnpute[CP_elm [(18, 7>]]

True

It returns Tr ue, because both 18 and 7 are natural numbers. To add (1, 2) and (3, 4) in the
domain CP-I nt , we may execute:
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Oonpute[(l, 2y o+ <5, 4)]

(4, 6)
Finally, wewant to check if (18, 7) > (7, 9) holdsin CP-I nt :

Conrpute[(ls, > (2 9)]

Fal se

This gives, of course, Fal se, because 18>2 but 7<9.
Now, we want to compile the domain CP-I nt to Java. For this purpose, the command Java—
Decl ar eDonmi n isprovided, and a call to it hasthe following syntax:

Java-Decl ar eDomai n[Donmai nNane = Funct or Nane [Par anet ers], Definition]

DomainName is the name of the domain on the Java side, FunctorName is the name of the functor which
is applied to Parameters and returns the new domain. The current version of the Theorema-Java Com-
piler supports Parameters to be a (possibly empty) sequence of domains and integers. Definition is the
Theorema definition that defines the functor Functor Name.

So, in order to create the domain CP—I nt on the Java side, we have to execute:

Java-Decl ar eDomai n[CP-1 nt = Cart esi anProduct [l nt egers],
Definition["Cartesian Product"]]

Asaresult, the Javaclass CP_I nt (see renaming of identifiersin Section 3.2) is created and compiled:
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public class CP_Int inplenents Domain

{
public static bool ean el enent (Data _parani)
{
return ((Bl _Tupl e.lsTupl e(_paranl)&&
(Bl _I nt eger. val uet (((Cont ai ner) _parani). size()).
equal (Bl _I nteger.val uet (2)))&&
I nt egers. el enment (((Tupl e) _paran).
arg (((Bl _Number )BI _I nteger. val ue (1)).aslnt ()))&&
I nt egers. el ement (((Tupl e) _paramnd).
arg (((Bl _Nunber)BI _I nt eger. val ue (2)).aslnt ()))));
}/ /€l enent

public static bool ean greater (Data _paramndl, Data _paran®)

{
if ((Bl _Tuple.|sTupl e(_paraml)&&(((Tupl e)_paraml).size()=2)8&&
Bl _Tupl e. | sTupl e (_par anR) &&( ( (Tupl e) _par an®). si ze () =2)))
{
return ((Integers.greater (_paraml.arg(l), paranR.arg(l))&&
I ntegers. greater (_paranl. arg(2), _paranR.arg(2))))
Y//if
return fal se;
}//9reater

public static Data plus(Data _paranil, Data _par an®)

{
if ((Bl _Tuple.lsTuple(_paraml)&&(((Tuple)_paraml).size()=2)8&&
Bl _Tupl e. | sTupl e (_par anR) & ( ( (Tupl e) _par an®). si ze () =2)))
{
return new Tupl e(new Dataf[]{l ntegers. plus(_paramtl. arg(l), paran2.arg(l)),
I nt egers. pl us (_parani. arg(2), _paran2.arg(2))});
Y/ /i f
return nul |
}//plus

public static Data constants(String _parantl)
{
if (_paranil.equal s("0"))
{
return new Tupl e(new Dataf[]{l ntegers. constants("0"),
I ntegers. constants("0")});
Y//i f

return null
}//const ant s

}//class CP_Int

This Java class has the following features:
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e |t implements the interface Donmai n, which is empty and which has to be implemented by all
classes representing a domain.

e The functions of the Theorema domain are implemented as static methods since they are
associated to the domain itself rather than to an instance of it. Actually, domain classes are never
instantiated.

e The return value of methods which implement predicates is bool ean, methods which imple-
ment functionsreturn Dat a objects.

e The method const ant s getsastring and returns the corresponding constant.

7.2 General Translation

The general trandation of a functor basically involves the trandation techniques described in the previ-
ous chapters. However, additional particularities have to be considered:

e A functor, let us call it N for the moment, may contain three types of definitions, which are
described in the following list:

e A function definition has either theform f[xy, ..., X4] = T or theform
N
fXg, ..., %] :=T.
N

e A predicate definition has either theform p[xy, ..., X,] & F or theform
N

plX1, ..., %] : & T.
N

e A constant definition has either theform C =T or theform C :=T.
N N

e Every functor hasto define a membership predicate € .

e In the current version of the Theorema-Java Compiler parameters of functors may be a
(possibly empty) sequence of domains and integers.

e The command Java—Decl ar eDonai n[ Dormai nNane =
Funct or Nane[ Par anet ers], Definition] createsthe domain Domai nName on the
Java side, i.e., it creates one Java class which contains one static method for every function and
every predicate of the newly defined domain.

According to the original inventor and implementor of functors in Theorema, Bruno Buchberger, the
fundamental idea of Theoremas functor concept is that Theorema (as well as Mathematica) supports
genera currying (see [Buch08]). Since currying is not possible in Java, we had to come up with a
different concept in order to translate Theorema functorsinto Java code. We achieve this compilation by
applying the following mechanism ([Buch07h]): Let usfirst define an exemplary functor F as
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Definiti on[" F*, any[D1],
F[D] = Funct or [N, any [X],

s={(
ﬁ[X] e true

91X] = hIX]

/]

This functor takes a domain D and defines a function g in terms of D's function h. Suppose we previously
defined the domain M we can create the domain F[ M on the Java side by executing

Java-Decl areDomai n[FM= F[M], Definition["F"]]

For creating the corresponding Java code, the Theorema-Java Compiler translates every function call
T: [...] into the Java function call M f (..) . So, the Java code of the method g in the domain FMIooks
likethis:

public static Data g(Data _paraml)

{
return M h(_parant);

¥/ /9
Of course, thistrandation can equally be applied to all kinds of functions and predicates.

7.3 Time Measurements

An detailed case study of functors including time measurements in Theorema and on the Java side is
presented in Chapter 11 of thisthesis.
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8 Calling Compiled Algorithms

The previous chapters explained explicitly the translation of Theorema definitions into executable Java
code. After achieving this compilation, we have to come up with a way of calling the algorithms on the
Java side from within Theorema. That is, we need an interface between Mathematica and Java which
allows both instantiations of classes and calls to their methods. JLink is the tool of our choice (see
Section 2.1). The framework of the Theorema-Java Compiler provides the following three commands,
which internally use a JLink connection to an instance of the class JavaConput er (see Section 10.4),
to call algorithms and to control the used theories and domains during the computation:

e Java—Conput e: This is the main command to call Java algorithms, which were compiled
from Theorema definitions beforehand. Java—Conput e takes asits only argument a call to an
algorithm, executes this algorithm with the given parameters, and returns its result. The call in
the argument must have the same syntax as it would have in Theorema's Conput e command.

e Java—UseTheori es: This command is similar to Theoremas Use command. Java—
UseTheori es takes alist of theory names (i.e., alist of strings) and loads the corresponding
Java classes, which, thereby, become available for the next callsto Java—Conput e.

e Java—UseDomai ns: This command takes a list of domain names (i.e., a list of expressions)
and loads the corresponding Java classes, which, thereby, become available for the next calls to
Java—Conput e.
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9 Compiler Settings

The Theorema-Java Compiler provides currently two commands to change its behavior: Java-
SetDefaultDomain and Java-SetCompilerParameter. This chapter describes these com-
mandsin detail .

9.1 Java-SetDefaultDomain

The Theorema-Java Compiler allows to use operations without stating explicitly in which domain they
are to be performed. You may, for instance, evaluate 18 + 7 and assume that the operation + is per-
formed in the domain of natural numbers. The command Java-SetDefaultDomain is used to
calibrate this mechanism of automatically assigning a certain domain to an operator, and a call to it has
the following syntax:

Java-SetDefaultDomain[Qper ati on, Domai n]

Oper at i on givesthe operation name or symbol, and Domai n isthe name of a previously compiled (or
built-in) domain which hereby becomes the default domain of Oper at i on. For instance, if you want to
set the default domain of the predicate < to @, you call

Java-SetDefaultDomain[ <, Rational s]

{+ >Rationals, - ->Rationals, « >Rationals, / - Rationals, » - Rationals,
Quotient - Integers, Mod - I ntegers, < -

Rationals, < »Rationals, > - Rationals, > - Rationals,

Max - Rationals, Mn - Rationals, < — Rationals}

As a result, the Theorema-Java Compiler will translate every occurrence of the symbol < into the Java

code Rati onal s. | essEqual (...) (where Rati onal s is a Java class provided by the frame-
work of the compiler).
To obtain alist of all operations and their assigned default domain, the command

Java-Get Def aul t Donai ns[]

isprovided. After the Theorema-Java Compiler isloaded, Java—Cet Def aul t Domai ns[] yields

{+ » Rationals, - »Rationals, * »Rationals, / »Rationals, » » Rationals,
Quotient »Integers, Mod »Integers, < -»Rationals, < - Rationals, > -
Rationals, =2 - Rationals, Max - Rationals, M n - Rati onal s}

This meansthat Rat i onal s (i.e, Q) isthe default domain for the operations +, -, %, /, ~ and for the
predicates <, <, >, 2, Max, M n. | nt eger s is the default domain for the operations Quot i ent and
Mod.
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9.2 Java-SetCompilerParameter

The compiler offers the command Java-SetCompi lerParameter to ater its behavior, and a call
to it hasthe following syntax:

Java-Set Conpi | er Par anmet er [Par anet er Nane, Val ue]
Par anet er Name may have one of the following values:

o PARAM-AUTODETECT-TAI LREC. If Val ue is set to true, the compiler trandates tail
recursive function into iterative Java programs. The default value of this parameter isf al se.

o PARAM-COWPI LE-SOURCE. If Val ue is set to f al se, the compiler generates Java source
files, but does not compile them to Java byte code. The default value of this parameter ist r ue.

e PARAM-COVPI LE-DEBUG NFO. If Val ue is set to t r ue, the compiler uses the option "-g"
when calling the Java compiler. The default value of this parameter isf al se.

o PARAM-JAVACOVMPUTER-DI RECTORY. Val ue sets the directory where the JavaCom
put er class(see Section10.4) is stored.

To obtain the value of a parameter, the command Java-GetCompi lerParameter isprovided:

Java-Get Conpi | er Par anet er [Par anet er Nane]

Par anet er Name may have the same values as given above.
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10 The Framework of the Theorema-Java Compiler

10.1 The Package Structure

In the course of the development of the Theorema-Java Compiler a whole framework was created in
order to support al the upcoming requirements of the compilation. This framework basically consists of
two parts. the Theorema-Java Compiler itself, which is a Mathematica program, and a whole Java
package, which basically provides Java classes for built-in structures (e.g., tuples and sequences) and
built-in domains (e.g., rational numbers). This package and its subpackages have the following hierarchi-
ca structure:

JavaComputer

System
BasicDomains
Builtln
JavaComputer

User
Domains
Theories

This chapter of the thesisis about this second part of the framework, these Java classes.

The framework of the Theorema-Java Compiler provides the precompiled Java package JavaCom
pi | er whichincludesthe JavaConput er classand two major subpackagesBui | t | n and
Basi cDomai ns. All these parts are described in detail in the following sections of this chapter.

Also, the Java classes which are created during the compilation of user-defined Theorema programs
are organized in subpackages of the overall package JavaConpi | er: classes which correspond to a
Theorema theory TheoryName (i.e., created by a call to Java—Theor y2Java) belong to the package
JavaConpi |l er. User. Theori es. Theor yNanme; classes which represent a Theorema domain
are stored in the package JavaConpi | er. User . Domai ns.

10.2 The Package BuiltIn

The classes of the package Bui | t 1 n are of general purpose and form the fundamental, Java-sided
framework of the Theorema-Java Compiler. Among these classes are, for instance, the superclass of all
method parameters (Dat a), boolean value expressing classes (Bool eanDat a, Tr ue, Fal se), and the
Tupl e class.

10.2.1 The Class Data

This abstract classis the base class of most of the classes of the framework and, in particular, of al user-
defined abstract data types (see Chapter 4). Hence, it is also used as the type of all method parameters
and of return values. The source code of Dat a is given below:
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public abstract class Data
{
public Data call (Data[] args)
{
return nul |
}//cal
public abstract Data arg(int n);
publ i c abstract bool ean equal (Data x);
public abstract String toString();
public abstract Expr toExpr ();
}//cl ass Data

10.2.2 The Classes BooleanData, True, and False

The class Bool eanDat a, an abstract subclass of Dat a, is the return value of all methods expressing a
predicate and represents a boolean value. Its two subclasses Tr ue and Fal se stand for the truth values
True and False, respectively. The source codes of Bool eanDat a and Tr ue are cited below:

publ i c abstract class Bool eanDat a ext ends Data
{
publ i ¢ bool ean i sTrue()
{
return fal se;
}//i sTrue

publ i c bool ean i sFal se()
{
return fal se;
}//i sFal se
}//Bool eanDat a
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public class True extends Bool eanDat a

{
publ i ¢ bool ean i sTrue()

{
return true;
}//i sTrue

public Data arg(int n)

{
return null;

}//arg

publ i ¢ bool ean equal (Data x)

{
if (x instanceof Bool eanDat a)

return ((Bool eanData)x).isTrue();

el se
return false;
}//equal

public String toString()

{
return "True";

}//toString

public Expr toExpr ()
{

return new Expr (Expr. SYMBCL, " True");

}//t oExpr
}//cl ass True

10.2.3 The Classes BI_Number, Bl_Integer, and BI_Rational

The class BI_Number ("BI" stands for "built-in"), which is an abstract subclass of Data, represents an
element of a number domain with basic operations (e.g., addition, multiplication) and basic predicates

(e.g., greater than, less than). Here is its Java source code:
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public abstract class Bl _Nunmber extends Data
{

public abstract Bl _Nunmber add (Bl _Nunmber a);
public abstract Bl _Nunmber mi nus (Bl _Nunber a);
public abstract Bl _Nunmber multiply (Bl _Nunber a)
public abstract Bl _Nunmber divide (Bl _Nunber a);
public abstract Bl _Nunmber getZero();
public abstract bool ean i sG eater (Bl _Nunber a)
publ i c abstract bool ean i sG eat er Equal (Bl _Nunber a);
public abstract bool ean islLess (Bl _Number a);
public abstract bool ean isLessEqual (Bl _Nunber a)
public abstract bool ean i sUnequal (Bl _Nunber a);
public abstract int aslnt ()

}/ /Bl _Nunber

The classes Bl _| nt eger and Bl _Rat i onal are concrete subclasses of Bl _Nunber and implement
Bl _Nunber's methods accordingly. For this, Bl _| nt eger internally uses an instance of the class
j ava. mat h. Bi gl nt eger,and Bl _Rat i onal usesapair of such instances.

10.2.4 The Classes Cont ai ner, Tupl e, and Set

The class Cont ai ner, an abstract subclass of Dat a, acts as a joint superclass of Tupl e and
Sequence.

publ i c abstract class Container extends Data
{

public abstract int size();
}//cl ass Cont ai ner

An instance of the class Tupl e corresponds to a Theorema expression whose head is Tupl e, that is, it
is a container for arbitrary many objects of type Dat a. Similarly, an instance of Set stands for a set in
Theorema. Below we present the source code of Tupl e.

public class Tupl e extends Contai ner
{
Datafl] jlIs
public Tuple(Datal] jlIs)
{
this.jls=jls;
}//Tupl e

public Tuple(Dataf[] jls,int n)
{
this.jls=new Data[n];
for (int i=0;i<n;i++)
this.jls[il=jls[i];
}//Tupl e

public Data arg(int n)



10 The Framework of the Theorema-Java Compiler

65

{
if (n-1<jls.|ength)
return jls[n-17;
return null;
}//arg

public Data arg(Bl _I nteger bi)

{
return arg(bi.aslnt ());

}//arg

publ i ¢ bool ean equal (Data x)

{
if (1(x instanceof Tuple))
return fal se;
Tupl e xt =(Tupl e)x;
if (xt.size()#jls.length)
return false;
for(int i=0;i<jls.length;i++)
if (tjls[i].equal (xt.arg(i +1)))
return fal se;
return true;
}//equal

public Expr toExpr ()

{
Expr [] es=new Expr [jIs.|ength];
for(int i=0;i<jls.length;i++)
es[i] = jls[i].toExpr();
return new Expr (new Expr (Expr. SYMBOL,
String. val ued (Const ant s. TRADEMARK) +" Tupl "), es);
}//t oOExXpr

public int size()
{

return jls.length;
}//size

public void replace(int n,Data jl)
{

jls[n-11=j1;
}//repl ace

publ i ¢ Sequence asSequence()
{

return new Sequence(j | s);
}//asSequence
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public String toString()
{
return toExpr ().toString();
}//toString
}//cl ass Tupl e

10.2.5 The Classes Bl _Tupl e and Bl _Set

The class Bl _Tupl e contains several (static) methods for basic operations on tuples, e.g., appending,
replacing, and deleting of elements. The source code of this classis given below.

public class Bl _Tuple
{
static public Data repl aceEl enent (Tupl e al, Bl _Nunber a2, Data a3)
{
int size = ((Tuple)al).size();
int n = a2.aslnt ();
Data[] nps = new Dataf[size];

for (int i=0;i<size;i++)
if (i=n-1)
nos [i ]1=a3;
el se
nos[i ]=((Tupl e)al).arg(i +1);

return new Tupl e (nps);
}//r epl aceEl enent

static public bool ean | sTupl e(Data al)

{
return (al i nstanceof Tuple);

}//1 sTupl e

static public Tuple append(Tuple t,Data a)

{
Data[] result=new Dataf[t.size()+1];
for (int i=0;i<t.size();i++)
result[i]=t.arg(i +1);
result [t.size()]=a;
return new Tupl e(result);
}//append

static public Tuple prepend(Data a, Tuple t)
{
Data[] result = new Dataft.size()+1];
result [0] = a;

for (int i=0;i<t.size();i++)
result[i +1] = t.arg(i +1);
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return new Tupl e(result);
}//prepend

static public Tuple append(Tuple t, Tuple ta)

{
int t_size = t.size();
int ta_size = ta.size();
Data[] result = new Dataf[t_size+ta_size];
for (int i=0;i<t_size;i++)
result[i]=t.arg(i +1);
for (int i=0;i<ta_size;i++)
result [t _size+i ]=ta.arg(i +1);
return new Tupl e(result);
}//append

static public Tuple del et eEl enent (Tupl e t, Bl _Nunber pos)
{

Data[] result = new Dataft.size()-1];

int pv = pos.aslnt();

for (int i=0;i<pv-1;i++)
result[i]=t.arg(i +1);

for(int i=pv;i<t.size();i++)
result[i-1]=t.arg(i +1);

return new Tupl e(result);
}//del et eEl enent

static public Tuple deleteFirst (Tuple t)

{
Data[] result = new Dataf[t.size()-1];

for(int i=1;i<t.size();i++)
result[i-1]=t.arg(i +1);

return new Tupl e(result);
}//del et eFi r st

static public Tuple insertElenment (Tuple t, Bl _Nunber pos, Data a)

{
Data[] result = new Dataf[t.size()+1];
int pv = pos.aslnt();

for (int i=0;i<pv-1;i ++)
result[i] =t.arg( +1);

result [pv-1] = a;

for (int i=pv-1;i<t.size();i++)
result[i +1] = t.arg(i +1);
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return new Tuple(result);
}//i nsert El enent

static public Tuple createTuple(Data[] jIs)

{
ArraylLi st<Data>al = new Arrayli st<Data>();
Data[] ts = new Data[0];

for(int i=0;i<jls.length;i++)

{
if (jls[i] instanceof Sequence)
{
for (int j=0;j<((Sequence)jls[il).size();]++)
al . add (((Sequence)jls[i]).arg( +1));
Y//i f
el se
al.add(jIs[i]);
}y//for

ts = al.toArray (ts);

return new Tuple(ts);
}//createTupl e

static public Sequence rest AsSequence(Tuple t,int n)
{
Data[] s = new Dataf[t.size()-n];

for (int i=n;i<t.size();i++)
s[i-n] = t.arg(i +1);

return new Sequence(s);

}//r est AsSequence
}//class Bl _Tuple

The class Bl _Set (its source code is given below), contains several (static) methods for basic opera-
tions on sets, e.g., intersection, union, insert.

public class Bl _Set

{
static public bool ean I sSet (Data al)
{
return (al instanceof Set);
}//1 sSet

static public Data intersection(Set al, Set a2)
{
ArraylLi st<Data>al = new Arrayli st<Data>();
Data[] ts = new Data[0];
Dat a Xx;

for (int i=1;i<al.size();i++)
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x = al.arg(i);
if (a2.contains(x)) al.add(x);
}//for

ts = al .toArray (ts);

return new Set (ts);
}//intersection

static public Data intersection(Data...
{

Arrayli st<Dat a>al = new ArraylLi st<Data>();

Data[] ts = new Data[0];
Set al = (Set)as[O0];

int setCount = as.length;
Data Xx;

bool ean b;

int j;

for (int i=1;i<al.size();i++)
{

as)

x = al.arg(i);
=1
b = true;
whi | e ((j <set Count ) &&b)
{
if (r((Set)as[j]).contains(x))
b = fal se;
el se
J s
}//while
if (b)
al . add (x);
Y/ /for

ts = al .toArray (ts);

return new Set (ts);
}//i ntersection

static public Data union(Set al, Set a2)
{

ArraylLi st<Dat a>al = new ArraylLi st<Data>();

Data[] ts = new Data[0];
Data Xx;

for (int i=1;i<al.size();i++)
al .add (al.arg¢(i));

for (int i=1;i<a2. size();i++)
{
X = a2.arg(i);
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if (ral.contains(x))
al . add (x);
}y//for
ts = al .toArray (ts);

return new Set (ts);

}//uni on
static public Data union(Data... as)
{

ArraylLi st<Data>al = new Arrayli st<Data>();
Data[] ts = new Data[0];
Dat a x;

for (int i=0;i<as.length;i++)
for(int j=1;j<((Set)as[i]).size();]++)

{
X = ((Set)as[i]).arg();
if (ral.contains(x))
al . add (x);
}//for

ts = al.toArray (ts);

return new Set (ts);
}//uni on

static public Data cross(Set al, Set a2)
{
int al_size = al.size();
int a2_size = a2.size();
int index = 0;
Data[] ts = new Data[al_sizexa2_si ze];

for (int i=0;i<al_size;i++)
for (int j=0;j<a2_size;j++)
{
ts[i ndex]=new Tupl e (new Data[]{al.arg(i +1),a2.arg(j +1)});
i ndex++;
y//for

return new Set (ts);
}//cross

static public Data cross(Data... as)
{

int size = as.|ength;

int i [] = newint[size];

int total _size = 1;

int p,index;

Dataf[] t;

Data[] ts;
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for (int j=0;j<size;j++)

{
total _size %= ((Set)as[j]).size();
i1 =0;

}y//for

if (total _size==0)
return new Set (new Data[]{});

ts = new Dataf[total _size];
i ndex = 0;

while(i [0]1<((Set)as[0]).size())

{
t = new Dataf[size];
for (int j=0;j<size;j++)
t[j1 = ((Set)as[jl).arg(i [j1+1);
ts[index] = new Tuple(t);
i ndex++;
p = size-1;
i [p]++;
whi | e ((p>0)&&(i [P]==((Set)as[p]l).size()))
{
i [p] = O;
p--;
i [p]++;
}Y//while
Y/ /whil e

return new Set (ts);
}//cross

static public Data m nus(Set al, Set a2)

{
Arrayli st<Dat a>al = new ArraylLi st<Data>();
Data[] ts = new Data[0];
Dat a x;
for (int i=1;i<al.size();i++)
{
x = al.arg(i);
if (ra2.contains(x))
al . add (x);
}y//for
ts = al.toArray (ts);
return new Set (ts);
}//m nus
static public Data mnus(Data... as)
{

Arrayli st<Dat a>al = new ArraylLi st<Data>();
Data[] ts = new Data[0];
Set al = (Set)as[0];
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int setCount = as.length;
Data Xx;

bool ean b;

int j;

for (int i=1;i<al.size();i++)

{
x = al.arg(i);
=1
b = true;
whi | e ((j <set Count ) &&b)
{
if (((Set)as[j]).contains(x))
b = fal se;
el se
j ++;
Y/ /while
if (b)
al . add (x);
}//for

ts = al.toArray (ts);
return new Set (ts);

}//m nus

static public Set insert (Set s,Data a)

{
Data[] result = new Datafs.size()+1];
for (int i=0;i<s.size();i++)
result[i]=s.arg(i +1);
result [s.size()]=a;
return new Set (result);
}//insert

static public Data powerset (Set a)

{

int size = a.size();
int p;

i nt index;

Dataf[] ts;

if (size>30)//too big!
return null;

ts = new Data[ (1<<size)]; //size of ts is 2"size
ts[0] = new Set (new Data[]{});

p =1

i ndex = 1;

for (int i=0;i<size;i++)
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{
for (int j=0;j<p;j++)
{
ts[index] = insert ((Set)ts[j],a.arg(i +1));
i ndex++;
Y/ /for
px=2
}//for

return new Set (ts);
}//power set

static public bool ean i sSubset Equal (Set al, Set a2)
{
for (int i=1;i<al.size();i++)
if (ta2.contains(al.arg(i)))
return fal se;

return true
}//i sSubset

//checks if al is a proper (!) subset of a2
static public bool ean i sSubset (Set al, Set a2)
{
return ((al.size()#a2.size())&. sSubset Equal (al, a2));
}//i sSubset

static public bool ean i sSuperset Equal (Set al, Set a2)

{
return i sSubset Equal (a2, al);
}/ /i sSuper set Equal

static public bool ean i sSuperset (Set al, Set a2)

{
return i sSubset (a2, al);
}//i sSuper set
}//cl ass Bl _Set

10.2.6 The Class Sequence

The class Sequence is an auxiliary class that is used for handling an arbitrary long sequence of Dat a
instances.

public class Sequence extends Data

{
Dataf] j!ls;

public Sequence(Data... jls)
{

this.jls=jls;
}//Sequence
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public Data arg(int n)

{
if (n-1<jls.length)
return jls[n-17;
return nul |
}//arg

public Data arg (Bl _I nteger bi)

{
return arg(bi.aslnt ());

}//arg

publ i ¢ bool ean equal (Data x)

{
if (!(x instanceof Sequence))
return fal se;
Sequence xt = (Sequence)X;
if (xt.size()#jls.length)
return fal se;
for(int i=0;i<jls.length;i++)
if (tjls[i].equal (xt.arg(i +1)))
return fal se;
return true
}//equa

public int size()

{
return jls.length
}//size

public String toString()

{
return toExpr ().toString();

}//toString

public Expr toExpr ()

{
Expr[] es = new Expr [j!|s.|ength];

for(int i=0;i<jls.length;i++)
es[i] = jls[i].toExpr();

return new Expr (new Expr (Expr. SYMBQL, " Sequence"), es);
}//t oExpr
}//cl ass Sequence
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10.2.7 The Class Factory

For every theory that is compiled by the user a class Ext endedFact ory is created which provides
information on the constructors (see Chapter 4), the functions, and the predicates of the corresponding
theory. The superclass of this factory class is aways Fact or y, which basically contains methods and
fields for handling truth values.

public class Factory

{
static Fal se _fal se=new Fal se();
static True _true=new True();

public static Cass[] getSignature(String net hodName)
t hrows NoSuchMet hodExcepti on
{
t hr ow new NoSuchMet hodExcepti on(
String. format (" Met hod %s coul d not be found.", met hodNane));
}//get Si gnat ure

public static Data convert Bool eanToDat a(bool ean b)
{
if (b)
return getTrue();
el se
return getFal se();
}//convert Bool eanToDat a

public static Data getFal se()
{

return _fal se;
}//g9et Fal se

public static Data getTrue()
{

return _true;
}//get True

public static Data getlnstance(String classNane, Data[] args)
throws Cl assNot FoundExcepti on
{
if (classNane. equal s ("Fal se"))
return _fal se;

if (classNane. equal s("True"))
return _true;

t hrow new Cl assNot FoundExcepti on(
String.format ("Class %s with %d paraneters could not be found.",
cl assNane, args. | ength));
}//g9et | nst ance
}//Factory
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10.2.8 The Class Constants

This class contains several useful constants as static fields.

public class Constants

{
public static final String USER THEORI ES = "JavaConpi | er. User. Theori es";
public static final String USER_ DOVAINS = "JavaConpi | er. User. Domai ns";
public static final String USER DOVAI NS_CONSTRUCTORS =
"JavaConpi | er. User. Donai ns. _Const ruct ors";
public static final char TRADEMARK = 8482;
public static final char EPSILON = 1013;
public static final char DASH = 8211;
public static final char | NTEGERS = 63409; //dsN
public static final char RATI ONALS = 63412; //dsQ
public static final String sDASH = String. val ueO (DASH);
}//cl ass Constants

10.3 The Package Basi cDomai ns

The classes of the package Basi cDomai ns comprise basic and specific classes that are needed for the
trandation of functors and domains from Theoremato Java.

10.3.1 The Interface Domain

The interface Domai n is an empty interface and has to be implemented by all classes which represent a
domain.

10.3.2 The Classes Integers, Rationals, and IntegersMod5

The classes | nt eger s, Rati onal s, and | nt eger sMbd5 implement the interface Domai n and
represent the domain of integers, the domain of rational numbers, and the domain of integers modulo
five, respectively. Since the implementations of these classes are quite lengthy, we only present the
compactly formatted code of Rat i onal s:

public class Rationals inplements Domain

{
private static Bl _Rational zero=Bl _Rational.ZERQ
private static Bl _Rational one=Bl _Rational. ONE;

public static bool ean isEl enent (Data x)
{return ((x instanceof Bl _Rational)||(x instanceof Bl _Integer));}

public static bool ean el enent (Data x)
{return i sEl enent (x); }

public static Bl _Rational plus(Bl _Rational al,Bl Rational a2)
{return al.add(a2);}
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public static Bl _Rational plus(Bl _|Integer al,Bl Rational a2)
{return al.asBl Rational (). add(a2);}

public static Bl _Rational plus (Bl _Rational al, Bl _| nteger a2)
{return al. add(a2. asBl Rational ()); }

public static Bl _Rational plus (Bl _Integer al, Bl _| nteger a2)
{return al. asBl Rational (). add (a2. asBlI Rati onal ()); }

public static Bl _Rational plus(Data... as)

{
Bl _Rational result = Bl _Rational.ZERQ
for (int i=0;i<as.length;i++) {
if (as[i] instanceof Bl _Integer) result = plus(result, (Bl _Integer)as[i]);
else result = plus(result, (Bl _Rational)as[i]);
}//for
return result;
}//pl us

public static Bl _Rational mnus (Bl _Integer al, Bl _|I nteger a2)
{return al. m nus(a2).asBl Rational ();}

public static Bl _Rational mnus (Bl _Integer al, Bl _Rational a2)
{return al.asBl Rational (). m nus (a2); }

public static Bl _Rational mnus (Bl _Rational al, Bl _| nteger a2)
{return al. m nus (a2. asBl Rational ()); }

public static Bl _Rational mnus (Bl _Rational al, Bl _Rational a2)
{return al. m nus(a2);}

public static Bl _Rational m nus (Bl _Rational al)
{return al.mnus();}

public static Bl _Rational mnus (Bl _Integer al)
{return al.mnus().asBl Rational ();}

public static Bl _Rational mnus(Data... as)

{
Bl _Rational result;

if (as[0] instanceof Bl _Integer) result = ((Bl _Integer)as[0]).asBl Rational ();
else result = (Bl _Rational )as[0];

if (as.length==1) return result.m nus();

for (int i=1;i<as.length;i++) {
if (as[i] instanceof Bl _Integer) result = mnus(result, (Bl _Integer)asf[i]);
el se result=m nus(result, (Bl _Rational )as[i]);
}y//for
return resul t;
}//m nus
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public static Bl _Rational tinmes(Bl _Integer al,Bl _|Integer a2)
{return al.mul tiply(a2).asBl Rational (); }

public static Bl _Rational tinmes (Bl _Integer al,Bl _Rational a2)
{return al.asBlRational (). multiply(a2);}

public static Bl _Rational tinmes (Bl _Rational al, Bl _| nteger a2)
{return al. mul tiply(a2.asBlRational ());}

public static Bl _Rational times (Bl _Rational al, Bl _Rational a2)
{return al. mul tiply(a2);}

public static Bl _Rational times(Data... as)

{
Bl _Rational result=Bl_Rational.ONE
for (int i=0;i<as.length;i++) {
if (as[i] instanceof Bl _Integer) result = tinmes(result, (Bl _Integer)asf[i]);
else result = times(result, (Bl _Rational)as[i]);
}y//for
return result
}//times

public static Bl _Rational divide(Bl _Integer al, Bl _| nteger a2)
{return divide(al. asBl Rational (), a2. asBl Rati onal ()); }

public static Bl _Rational divide(Bl _Integer al, Bl _Rational a2)
{return al. asBIl Rational (). divide(a2);}

public static Bl _Rational divide(Bl _Rational al, Bl _| nteger a2)
{return al.divide(a2. asBl Rational ()); }

public static Bl _Rational divide(Bl _Rational al, Bl _Rational a2)
{return al.divide(a2);}

public static Bl _Rational divide(Data... as)

{
Bl _Rational result
if (as[0] instanceof Bl _Integer) result = ((Bl _Integer)as[0]).asBl Rational ();
el se result=(Bl _Rational )as[0];

for (int i=1;i<as.length;i++) {
if (as[i] instanceof Bl _Integer)
result = divide(result, (Bl _Integer)aslil)
el se result = divide(result, (Bl _Rational)as[i]);
}y//for
return result
}//divi de

public static Bl _Rational power (Bl _|I nteger al, Bl _| nteger a2)
{return Bl _Rational.val ueX (al. pow(a2), Bl _I nt eger. ONE); }

public static Bl _Rational power (Bl _Rational al, Bl _| nteger a2)
{return al. pow(a2);}
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public static Bl _Rational power (Data... as)

{
Bl _Rational result;
if (as[0] instanceof Bl _Rational) result = (Bl _Rational)as[0];
el se result = ((Bl _Integer)as[0]).asBl Rational ();
for (int i=1;i<as.length;i++) {
if (as[i] instanceof Bl _Integer)
result = power (result, (Bl _Integer)as[i]);
else if (((Bl _Rational)as[i]).getDivisor().equals(Biglnteger.ONE))
result = power (result,
Bl _I nteger. val ueO* (((Bl _Rational )as[i ]).getD vidend()));
else return null;
}//for
return result;
}//power

public static Bl _Rational max (Bl _Rational al, Bl _Rational a2)
{if (al.isGeater(a2)) return al;else return a2;}

public static Bl _Rational max (Bl _Rational al, Bl _| nteger a2)
{

Bl _Rational rat = a2.asBlRational ();

if (al.isGeater(rat)) return al;else return rat;
}/ /max

public static Bl _Rational max (Bl _I nteger al, Bl _Rational a2)
{

Bl _Rational rat = al.asBlRational ();

if (rat.isGeater (a2)) return rat;else return a2;
}/ /max

public static Bl _Rational max (Bl _I nteger al, Bl _| nteger a2)

{
Bl _Rational ratl = al.asBl Rational ();
Bl _Rational rat2 = a2.asBl Rational ();
if (ratl.isGeater(rat2)) return ratl;else return rat2;
}/ /max
public static Bl _Rational max(Data... as)
{
Bl _Rational result;
if (as[0] instanceof Bl _Integer) result = ((Bl _Integer)as[0]).asBl Rational ();
else result = (Bl _Rational)as[0];
for (int i=1;i<as.length;i++) {
if (as[i] instanceof Bl _Integer) result = max(result, (Bl _Integer)asl[i]);
el se result = max(result, (Bl _Rational)as[i]);
}y//for
return resul t;
}/ /max

public static Bl _Rational min(Bl _Rational al, Bl _Rational a2)
{if (al.isGeater(a2)) return a2;else return al;}
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public static Bl _Rational mn(Bl _Rational al, Bl _| nteger a2)
{

Bl _Rational rat = a2.asBlRational ();

if (al.isGeater (rat)) return rat;else return al;
}//mn

public static Bl _Rational mn(Bl _I nteger al, Bl _Rational a2)
{

Bl _Rational rat = al.asBlRational ();

if (rat.isGeater (a2)) return a2;else return rat;
}//min

public static Bl _Rational mn(Bl _I nteger al, Bl _| nteger a2)

{

Bl _Rational ratl = al.asBI Rational ();

Bl _Rational rat2 = a2.asBI Rational ();

if (ratl.isGeater(rat2)) return rat2;else return ratl;
}//mn

public static Bl _Rational mn(Data... as)

{
Bl _Rational result;
if (as[0] instanceof Bl _Integer) result = ((Bl _Integer)as[0]).asBl Rational ();
el se result = (Bl _Rational )as[0];
for (int i=1;i<as.length;i++) {
if (as[i] instanceof Bl _Integer) result = min(result, (Bl _Integer)as[i]);
else result = mn(result, (Bl _Rational)as[i]);
}y//for
return result;
}//mn

public static bool ean | ess (Bl _Rati onal al, Bl _Rational a2)
{if (al.isLess(a2)) return true;else return false;}

public static bool ean | ess (Bl _Rati onal al, Bl _I nteger a2)
{

Bl _Rational rat = a2.asBlRational ();

if (al.islLess(rat)) return true;else return fal se;
}//1 ess

public static bool ean | ess (Bl _I nteger al, Bl _Rational a2)
{

Bl _Rational rat = al.asBl Rational ();

if (rat.islLess(a2)) return true;else return false;
}//1 ess

public static bool ean | ess (Bl _I nteger al, Bl _I nteger a2)
{

Bl _Rational ratl = al.asBIRational ();

Bl _Rational rat2 = a2.asBI Rational ();

if (ratl.islLess(rat2)) return true;else return fal se;
}//1 ess
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public static bool ean | ess(Data... as)
{
for (int i=1;i<as.length;i++) {
if (as[i] instanceof Bl _Integer) {
if (as[i-1] instanceof Bl _Integer) {
if (1less((Bl _Integer)as[i-1], (Bl _Integer)as[i])) return false;
} else if (as[i-1] instanceof Bl _Rational) ({
if (1less((Bl _Rational)as[i-11, (Bl _Integer)as[i])) return false;
} else return fal se;
} else if (as[i] instanceof Bl _Rational) {
if (as[i-1] instanceof Bl _Integer) {
if (tless((Bl _Integer)as[i-1], (Bl _Rational)as[i])) return false;
} else if (as[i-1] instanceof Bl _Rational) ({
if (tless((Bl _Rational)as[i-1], (Bl _Rational)as[i])) return false;
} else return fal se;
} else return fal se;
}y//for
return true;
}//1 ess

public static bool ean greater (Bl _Rational al,Bl _Rational a2)
{if (al.isGeater (a2)) return true;else return fal se;}

public static bool ean greater (Bl _Rational al, Bl _| nteger a2)
{

Bl _Rational rat = a2.asBlRational ();

if (al.isGeater (rat)) return true;else return fal se;
}//greater

public static bool ean greater (Bl _I nteger al, Bl _Rational a2)
{

Bl _Rational rat = al.asBlRational ();

if (rat.isGeater (a2)) return true;else return fal se;
}//greater

public static bool ean greater (Bl _I nteger al, Bl _|I nteger a2)
{

Bl _Rational ratl = al.asBI Rational ();

Bl _Rational rat2 = a2.asBl Rational ();

if (ratl.isGeater(rat2)) return true;else return fal se;
}//9reater

public static bool ean greater (Data... as)
{
for (int i=1;i<as.length;i++) {
if (as[i] instanceof Bl _Integer) {
if (as[i-1] instanceof Bl _Integer) {
if (i1greater ((Bl _I nteger)as[i-1], (Bl _Integer)as[i]))
return fal se;
} else if (as[i-1] instanceof Bl _Rational) ({
if (i1greater ((Bl _Rational)as[i-1], (Bl _Integer)as[i]))
return fal se;
} else return fal se;
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} else if (as[i] instanceof Bl _Rational) {
if (as[i-1] instanceof Bl _Integer) {
if (i1greater ((Bl _I nteger)as[i-1], (Bl _Rational)as[i]))
return fal se;
} else if (as[i-1] instanceof Bl _Rational) ({
if (i1greater ((Bl _Rational)as[i-1], (Bl _Rational)as[i]))
return fal se;
} else return fal se;
} else return fal se;
}y//for
return true;
}//greater

public static bool ean | essEqual (Bl _Rati onal al, Bl _Rational a2)
{if (al.isLessEqual (a2)) return true;else return fal se;}

public static bool ean | essEqual (Bl _Rati onal al, Bl _| nteger a2)
{

if (al.isLessEqual (rat)) return true;else return fal se;
}/ /1 essEqual

Bl _Rational rat = a2.asBlRational ();

public static bool ean | essEqual (Bl _I nteger al, Bl _Rational a2)
{

Bl _Rational rat = al.asBlRational ();

if (rat.isLessEqual (a2)) return true;else return fal se;
}/ /1 essEqual

public static bool ean | essEqual (Bl _I nteger al, Bl _| nteger a2)
{

Bl _Rational ratl = al.asBl Rational ();

Bl _Rational rat2 = a2.asBI Rational ();

if (ratl.isLessEqual (rat2)) return true;else return fal se;
}/ /1 essEqual

public static bool ean | essEqual (Data... as)
{
for (int i=1;i<as.length;i++) {
if (as[i] instanceof Bl _Integer) {
if (as[i-1] instanceof Bl _Integer) ({
if (i1l essEqual ((Bl _Integer)as[i-1], (Bl _Integer)as[i]))
return fal se;
} else if (as[i-1] instanceof Bl _Rational) ({
if (i1l essEqual ((Bl _Rational)as[i-1], (Bl _Integer)as[i]))
return fal se;
} else return fal se;
} else if (as[i] instanceof Bl _Rational) {
if (as[i-1] instanceof Bl _Integer) {
if (i1l essEqual ((Bl _I nteger)as[i-1], (Bl _Rational)as[i]))
return fal se;
} else if (as[i-1] instanceof Bl _Rational) ({
if (1l essEqual ((Bl _Rational)as[i-1], (Bl _Rational)as[i]))
return fal se;
} else return fal se;
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} else return fal se;
}//for
return true;
}//1 essEqual

public static bool ean greaterEqual (Bl _Rational al, Bl _Rational a2)
{if (al.isGeaterEqual (a2)) return true;else return false;}

public static bool ean greaterEqual (Bl _Rati onal al, Bl _| nteger a2)
{

Bl _Rational rat = a2.asBlRational ();

if (al.isGeaterEqual (rat)) return true;else return fal se;
}//gr eat er Equal

public static bool ean greaterEqual (Bl _I nteger al, Bl _Rational a2)
{

Bl _Rational rat = al.asBIRational ();

if (rat.isGeaterEqual (a2)) return true;else return fal se;
}//gr eat er Equal

public static bool ean greaterEqual (Bl _| nteger al, Bl _| nteger a2)
{

Bl _Rational ratl = al.asBI Rational ();

Bl _Rational rat2 = a2.asBI Rational ();

if (ratl.isGeaterEqual (rat2)) return true;else return fal se;
}//gr eat er Equal

public static bool ean greaterEqual (Data... as)
{
for (int i=1;i<as.length;i++) {
if (as[i] instanceof Bl _Integer) {
if (as[i-1] instanceof Bl _Integer) {
if (i1greaterEqual ((Bl _Integer)as[i-1], (Bl _Integer)as[i]))
return fal se;
} else if (as[i-1] instanceof Bl _Rational) {
if (i1greaterEqual ((Bl _Rational)as[i-1], (Bl _Integer)asf[i]))
return fal se;
} else return fal se;
} else if (as[i] instanceof Bl _Rational) {
if (as[i-1] instanceof Bl _Integer) ({
if (i1greaterEqual ((Bl _Integer)as[i-1], (Bl _Rational)as[i]))
return fal se;
} else if (as[i-1] instanceof Bl _Rational) ({
if (i1greaterEqual ((Bl _Rational)as[i-1], (Bl _Rational )as[i]))
return fal se;
} else return fal se;
} else return fal se;
}y//for
return true;
}//gr eat er Equal

public static Data constants(String nane)

{
if (nane.equal s("0")) return zero;
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if (nane.equal s("1")) return one;
return null;
}//Const ant s

public static String get Domai nNane ()
{return String.val ue (Const ants. RATI ONALS); }
}//cl ass Rational s

10.3.3 The Class DomainData

The class Dormai nDat a is derived from Dat a and encapsulates a domain class (e.g., the class Rat i o-
nal s), i.e, it stores a class object in its private field dormai nCl ass. Domai nDat a is used to pass a
domain as a parameter to a method, which can then use the method cal | to invoke methods of the
encapsulated domain.

public class Domai nData extends Data

{
private C ass domai nCl ass;

publ i ¢ Domai nDat a(C ass donai nCl ass)
{

t hi s. domai nCl ass=domai nCl ass;
}//Domai nDat a

public Data call (String nmet hodNane, Gl ass[] cl asses, Obj ect [] args)
{
try
{
return (Data) ((Cl ass<?>)donai nd ass).
get Decl ar edMet hod (et hodNane, cl asses). i nvoke (nul |, args);
}
catch (NoSuchMet hodExcepti on ex)
{
Dat a[] ds=new Dat a[args. | ength];

for (int i=0;i<args.length;i++)
ds[i] = (Data)argsli];

try
{
return (Data) ((d ass<?>)donmi nCl ass). get Decl ar edMet hod (et hodNane,
new Cl ass[]{Dataf[].class}).invoke(null,new Object []{ds});
Y/ /try
catch (Exception exx)
{
exx. pri nt StackTrace();
return null;
}//catch
}//catch
catch (Exception ex)
{

return null;
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}//catch
}//cal l

public Data arg(int n)

{
return null;

}//arg

publ i ¢ bool ean equal (Data x)

{
return fal se;

}//equal

public String toString()

{
return null;

}//toString

public Expr toExpr ()
{

try
{
return new Expr (Expr.SYMBOL, (String) ((d ass<?>)donai nCl ass).
get Decl ar edMet hod (" get Dormai nNane", (G ass[])nul l).
i nvoke (nul |, (Gject [])null));
Y/ /try

catch (Exception e)

{
return null;

}//catch
}//t oOExpr
}//Domai nDat a

10.4 The JavaComputer Class

The class JavaConput er is an interface between Theorema and Java. The three commands Java—
Conput e, Java—UseTheori es, and Java—UseDonai ns (see Chapter8) pass their arguments
directly to an instance of this class, which is created during the initialization of the Theorema-Java
Compiler. JavaConput er implements basically the following methods, which correspond to these
three user commands:

e comnput e: This method takes an expression (i.e., an object of typecom wol fram j I i nk. -
Expr), evauates it, and returns the result. It is the central method which is able to handle
integers and rational numbers, to create Tupl e objects, to instantiate encapsulating objects for
higher order functions, and, of course, call methods defined in theories and domains.

e useTheori es: This method takes a list of theory names as strings, loads the corresponding
Java classes (i.e., calls the method | oadCl ass of the default class loader), and builds up an
internal table of the methods of the loaded theories.
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useDonai ns: This method takes a list of domain names and loads (i.e., cals the method
| oadd ass of the default class |oader) the corresponding Java classes.



Part 2

Case Studies

In this part of the thesis we will present two case studies which show the power and usability of the
Theorema-Java Compiler.

The first case study is on Grébner Bases, and we will define there several functors to compute a so-
called Grobner Extension of a given ring. All the functors which will be presented in the course of this
case study are based on the work of Bruno Buchberger in [Buch03].

In the second case study we will use Neville's algorithm for the interpolation of univariate polynomi-
als. The functor and algorithms presented in that part are based on [Wind06].

Before we actualy start, let us quit the current Mathematica kernel and reload Theorema and the
Theorema-Java Compiler.

Needs [" Theorema "]
Needs [" Theor enma™ JavaConpi | er * JavaConpi l er *" ]

Additionally, we set Mathematicas$Recur si onLi mit and$l terationLimt tolnfinity:

$RecursionLimit =Infinity;
$lterationLimt =Infinity;

11 Grobner Bases

In this chapter we will present, after some preparatory work, the functor G- oebner - Ext ensi on that
takes a so-called reduction ring R and returns R augmented by a function which computes Grobner Bases
in R. First, we will define several auxiliary functors for computing in reduction rings and with power
products represented by tuples. We will shortly explain these functors and give some exemplary computa-
tions in Theorema. Then, we will present the functor Gr oebner - Ext ensi on, compute Grobner
Bases in several domains, and compare the computing times of original Theorema and Java code created
by the Theorema-Java Compiler.

The functors presented in this chapter were originally developed by Bruno Buchberger in [Buch03]
and then adopted by the author of thisthesis.
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11.1 The Functor Reducti onFi el d

The following functor Reduct i onFi el d takes afield D and adds the operationsr dmand | cr d. For

details on these operations we refer again to [Buch03].

Definiti on[" Reduction Field", any[D],

Reducti onFi el d[D] = Funct or [N, any[Xx, y1,

s={()

X zk z0O g
1] o
ok oo X
i

g

m

—_

X

—

X o4
<
]

X X zi
1]
n ol

x
ZV ZN Z¥ zZI

< < KX <
1]

x

rdmpx, yl ={
N

0 0
Xéy < X#D/\y#o

0 < ot herw se
D

X #0 0
< ¢D/\y#D

1

lcrdi[x, =P
N e {O < ot herw se

D

J]

11.2 The Functor Tupl esLex

The functor Tupl esLex takesan integer k and produces adomain of lexical ordered tuples of length k.
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Definiti on[" Tupl es Lexical Ordering", any[k],
Tupl esLex[k] =
Funct or [N, any[x, y, X, V1,

s={
is-tupl e[x]
X} =k
e x] e /\ , {g[X.]
i=1,..k XiZO
N

1=< 0 | >
N Integers j =1, ...k

X§y=(xi +Yi
X{ly=(Xi -Yi

(X 1 y)@ v Xi 2Yi
N i=1,..k

lcm[x, y] = (NHX[Xi, Yil
N

| >
i=1,..k

True e X>Yy
(X, )_QE(y‘ ¥y e <>?>§<)7> & (X=Y)

O E () & Fal se

Fal se < ot herw se
deg[{)] =-1
N
deg[x] = X X
N i=1, ..k

i sDi sjunct [x, Y] &
N i

Il

Theory [ Tupl esLex",

1V|x} ((xi =0) V (yi =0))

Definition["Tupl es Lexical Ordering"]
TupLex2 = Tupl esLex[2]
TupLex3 = Tupl esLex [3] ]
TupLex4 = Tupl esLex [4]

11.3 The Functor Tupl esDeg

The functor Tupl esDeg takes a domain that is returned by Tupl esLex and replaces its predicate >
by a new one which applies the degree lexicographic ordering.
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Definiti on[" Tupl es Degree Lexical Odering", any[D],

Tupl esDeg[D] =

Funct or [N, any[x, y1,

s={)

X1 yeX1y
N D

lcmx, y] =lcm[x, y]
N D

xEy«:V\here[d=deDg[x],e=d¢[e)g[y], \/ /\{

i sDi sjunct [X, y] «isDisjunct [X, y]
N D

Il

Theory [ Tupl esDeg",

Definition["Tupl es Degree Lexical
TupDeg?2 = Tupl esDeg[TupLex2]
TupDeg3 = Tupl esDeg[TupLex3]
TupDeg4 = Tupl esDeg[TupLex4]

Ordering" 1]

For a better understanding of the two previous functors we want to show some exemplary computations

and, for that, build the following knowledge base:
Use[(Built-in["Tuples"], Built-in["Quantifiers"],

Built -in["Connectives"], Built-in["Nunbers"],
Bui It -i n[" Nunber Donmai ns"], Theory[" Tupl esLex"], Theory[" Tupl esDeg"1)]

Multiplying two tuples means adding their entries componentwise:

cOnpute[<1, 2,3y % (4,5, 6)]

TupLex3

(5, 7, 9)

Furthermore, we my compute:

Oorrpute[(l, 1, 3y > «(1, 2, 1>]

True

TupDeg3
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Oonpute[(l, 1, 3y > <1, 2, 1>]
TupLex3

Fal se

11.4 The Functor Pol y

The functor Pol y constructs a domain of polynomials from a given coefficient domain C and a given
domain T of power products represented by tuples.

Definiti on[" Pol ynom al Functor", any[C, T1,
Poly[C T] =
Funct or [N, any[x, y, z, ¢, t, xs, XS, d, s, ys, VS, p, q, f, m Al,

s ={)
€[OT e True

g[C]
$[S]
o c#0
e, sy, 1o A{CFC
s > LPP[(XS)]
T N
ﬁ[(ﬁ)]
ﬁ[xs] « Fal se
1= <<1 1))
N cC T
0=20
N
L,F\"P[O] =<
L,F\"P[(<C, $)) XS)] =s
areLPPDi sj unct [X, y] « i sDi sj unct [LPP[x], LPP[y]]
N T N N
| criLPP[X, V] =Icm[LPP[x], LPP[y]]
N T N N

i sTermDi visible[x, y] & (x I y)
N T

isTernﬁreater [X, Y] & (x iy)
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[ ¢c, s>v(<m>ﬁ<<d, ty, ﬁ)) e s>t
«d, t)v(((c, s), m>ﬁ<ﬁ>) et>s
(€, sy, M+ (d, ty, Ny =]
(CEd’ s>v((|’n)§(ﬁ)) « c#d

(m ',(‘(n) ot herw se

ft

néce, sy m = {ze, s) - (5em)
Pra =Py (5)

P> =0

Ora=0

e sy maccd, ), m = ({{exd sat))cce, sy aam) g em gty n
(()Ep) « Fal se

(<<c, sy, m > <>) o True

>
(((c, Sy, M > ((d, 1), ﬁ)) o \/‘ { f

t
=d
(m) > <N

norm[{{c, s), my, f1 = (c/f, s>-norm[(m), f]
N c N

TS LK s f1=3

rdmi¢y, pl =0
N N
rﬂm[((c, sy, M, O]

0
N
rgm[c, d] ¢(g

rdmfc, dj, s/t =
rdmicce, sy, M, (d ty, M = i o)) /\{t TS

"
0 < ot herw se
N

lerd[¢(c, s), my, ((d, t), AY] = < Ic rd[c, d], | cm[s, t]))
N T

/]
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Theory[" Pol y",

Definition["Reduction Field"]
Definition["Pol ynom al Functor"]
QRed = Reduct i onFi el d[Q]

Pol y2LexQ= Pol y [QRed, TupLex2]
Pol y3LexQ= Pol y [QRed, TupLex3] ]
Pol y4LexQ= Pol y [QRed, TupLex4]
Pol y2DegQ= Pol y [QRed, TupDeg2?]
Pol y3DegQ = Pol y [QRed, TupDeg3]
Pol y4DegQ= Pol y [QRed, TupDeg4]

The theory "Poly" defines the domain QRed by applying the functor Reduct i onFi el d to Theorema's
built-in domain @ and three polynomia domains over QRed in two, three, and four variables. For the

following computationswe add this theory to our knowledge base:

UseAl so[(Theory["Pol y"1)]

The two polynomials over Q in 3 variables —5xy?+2yZ and xz-3 are represented by
((=5,(1,2,0)),(2,(0,1,2))) and ({1, (1,0, 1)), (-3, (0, 0, 0))), respectively. Their product can be

computed in Theorema:

Comput e[

<<_51 (11 2! 0))1 <21 (O, 11 2))) * ((11 <1! 01 1))! (‘31 (01 0! 0)))]

Pol y3DegQ
(=5, (2, 2, 1)), (2, (1, 1, 3)), <15, (1, 2, 0)), (-6, <O, 1, 2}))
We may check thisresult with Mathematica:
Expand[(-5xy?+2y z?) % (xz -3)]

15xy?+ (-5) x?y?z+ (-6)yz2+2xyz®

We can aso normalize the product, i.e., divide its coefficientsby -5:

OOnrpute[ norm [((-5, (1, 2, 0y, (2, <0, 1, 2))) =
Pol y3DegQ Pol y3DegQ

({1, <1, 0, 1)y, <=3, (0, 0, 0y)), -5]]

<<1, 2, 2, 1yy, <?, A, 1, 3>>, (-3, (1, 2, 0)), <g ©, 1, 2>>>
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11.5 The Functor G oebner —ext ensi on

Finaly, we define the functor G oebner —ext ensi on, which takes a domain R (returned by the
functor Pol y) and produces a domain that provides the following three operations to compute a Grébner
Basis of agiven set X of elementsof Rscarrier:

e ([ X] computes a (not necessarily reduced) Grobner Basis of X by applying the classical,
straight forward Buchberger algorithm without using Buchberger's criteria.

e rdG[ X] computes the reduced Grdbner Basis of X by computing Gb[ X] and afterwards
reducing the result.

e rdGOBC12[ X] computes the reduced Grobner Basis of X by applying Buchberger's algorithm
and using the first and the second criterion of Buchberger.

All further details on this functor are given in [Buch03] and [Hibe95].
Definiti on[" G oebner extension", any[R],

G oebner -ext ensi on[R] =
Funct or [N, any[C k, p, g, P, G, X, X, 9,0, X, ¥, V¥, Y, h s, ¢c, f, M,

X =y
X%y
>y
R

rdmix, yl =rdm[x, y]
N R

X>y X
N

Icl\fd[x, vyl =IcF£d[x, y]
rdix, yl =x-rdmix, ylxy
N N N N

trd[x, Y] =trd[x, Y, 1]
N N

trd[x, Y, k] =
N
X < k> Y}
V\/nere[x1=rd[x, Y1, < otherw se
N

{trd[xl, Y, 1] e X >Xx1
N N

trd[x, Y, k+1] « otherw se ]
N
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p < h=p
iy eIz, i =V\her6[h=tkd[p, Y1, {trd[h, Y] « othervise ]
N

frd[p, YI =frd[p, Y, ]
N N

frd[p, Y, X] =frd[p, Y, X, hrd[p, Y]]
N N N

X < h=0
N

frd[p, Y, X, h] =
N where[lth=hy, frd[hgdlthy, ¥, X-Ith]] « othervise
N

cpd[x, yl =V\here[lxy=lcrd[x, y1, rd[l xy, x] Nrd[lxy, y]]
N N N N
isCriterion2[x, y, ()] « Fal se

N
isCriterion2[x, y, (<p, f. 9), y)] &

N

True « (x=f)YA(y=9)
True e« x=g)A((y="F)
isCriterion2[x, y, <y»] « otherwise

N

isCriterion2[x, y, (), M] « Fal se

N
|50|t’$r|0n2[x, Y, (g, g), M]a
X #g
Y#9
i sTernDi vi si bIe[LPP[g], | cmLPP[X, y]]
True = /\{ R R R
{ Not [isCritNerionZ[x, g, M]]
Not [isCriterionZ[y, g, M]]

N

isCTitNerionZ[x, Y, <@, M| « otherwise

paiNrs[()] =0

pai rs[(x, X)] = {(x, <X I = pai rs[(¢X)

N [< )] << )|=1,..,|<>?>|> i [ ]

ard[()1 =<

N

ard[(p, p)] =ard[O P, PY]

X < h=0
N

d[X =wh h=frd X
A X% P, Ol ere[ fi ke, X1, {X~norm[h] < otherwise ]
N

aLd[X, P, {a. a)] =V\here[h=erd[p, X=(q, 4)].
ard[X, d, <@y] <« h=0
N N ]
ard[X~norm[h], a, <q>] « otherw se
N N

no’\gm[((c, sy, >'<)] =noer[((c, sy, >'<), c]

terd[x, Y] =tcrd[x, Y, 1, (0 | )]
N N Ni=1, ., 1vY]
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terd[x, VY, k, C] =
N

x, C < k> 1Y}

where[c:rdm[x, Yk 1, x1=erdm[x, Yk]ﬁYk, « ot herwi se
N N

tcr\gd[xl, Y, 1, 0”,%6] < x>xl ]
tcl\gd[x, Y, k+1, C] < otherw se
G [X] =Gb[x, pairs[X]]
N N N
GIEJ[X, O1=X
O[X, X, ¥y, X)] =where[h=trd[cpd[x, y1, X],
N N N

DX (R)] e h=0
N N

%[XAh’ (X):((Xi, hy | )] < otherwise ]

i=1, .., X}
GhBCL2[X] = GBCI2[X, GbBCL2Aux[pai rs[X], ¢3]]
N N N N
GOBCL2[X, ()] = X
GbBé:lZ[X, KP, X, YD), XH] =

Not [areLPPDi sj unct [X, y]]
R

@BCI2AUX2[X, Y, X, (X)] « /\{
N Not [isCrit’\?rionZ[x, y, X ()‘()]]

GbB;quZ[X, (X)1] «< ot herw se
CGOBCL2AUX[(), M) =M
GbBC%ZAux[((x, y), X), M =
GbBC%IZAux[(X), CbBC%IZAux[Ianl_PP[x, v1, X, VY, M]]
GbBC%IZAUX[p, X, ¥, O1=Wp X, ¥
GbBC%IZAUX[p, X, ¥, «La, f, 9y, %] =
P, X, ¥y -KKa, f, g, %) = isTerrrgreater (g, pl
{(q, f, g)~GbBC%|2Aux[p, X, Y, (X)] « otherw se
GbBClNZAux2[x, y, X, M =V\here[h=trNd[Cﬂd[x, yl1, X],
GbBC12[X, M] < h=0
N N
{GbB’\FlZ[h~X, GhBCL2AUX2[h, X, I\/I]] « otherw se ]
GbBCINZAUXZ[h, O, M =M
GbBClNzAuxz[h, (X, Xy, M =

GbBC12Aux2[h, (R, GbBClZAux[I cnLPP[h, x], h, x, M]]
N N R
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rdGo[X]:ard[Gb[X]]
N N N

rdGBCL2[X] = ard[GbBClZ[X]]
N N N
J]

Theory [ B,

Definition["G oebner extension"]
GB2LexQ= Groebner -ext ensi on[Pol y2LexQ]
GB2DegQ= G oebner -ext ensi on[Pol y2DegQ]
GB3LexQ= G oebner -ext ensi on[Pol y3LexQ]
GB3DegQ= G oebner -ext ensi on[Pol y3DegQ]
GB4LexQ= G oebner -ext ensi on[Pol y4LexQ]
GB4DegQ= G oebner -ext ensi on[Pol y4DegQ]

We add the theory "GB" to our current knowledge base:

UseAl so[(Theory["CB"]1)]

We may now compute, for instance, the reduced Grobner Basis of two polynomials over Q with respect
to the lexicographic term ordering:

CanUte[rdG:) [<<<11 (1! 0))1 (—l, <01 1))1 (‘51 (0! 0)))1
GB2LexQ

K1, <1, 1)), <-1, (1, 0)), <3, (O, 0))))]]

<<<l, <1, 0>>v <_l! <0, 1>>1 <_5! <0! 0>>>1
(1, <0, 2)), <4, <0, 1)), (-2, <0, 0))))

Hence, the reduced Grébner Basisof {x— y—5, xy - x+ 3} is{x—y-5, y* + 4y - 2}.

11.6 Compilation to Java
Now, we want to create all these domains which we defined in Theorema also on the Java side:

Java-Decl ar eDomai n[TupLex2 = Tupl esLex[2],
Definition["Tupl es Lexical Ordering"]]
Java-Decl ar eDomai n[TupLex3 = Tupl esLex [3],
Definition["Tupl es Lexical Ordering"]]
Java-Decl ar eDomai n[TupLex4 = Tupl esLex [4],
Definition["Tuples Lexical Ordering"]]
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Java-Decl ar eDomai n[TupDeg2 = Tupl esDeg[TupLex2],
Definition["Tupl es Degree Lexical Ordering" 1]
Java-Decl ar eDomai n[TupDeg3 = Tupl esDeg[TupLex3],
Definition["Tupl es Degree Lexical Ordering" 1]
Java-Decl ar eDomai n[TupDeg4 = Tupl esDeg[TupLex4],
Definition["Tupl es Degree Lexical Ordering" 1]

Java-Decl ar eDomai n[QRed = Reduct i onFi el d[Q],
Definition["Reduction Field"]]

Java-Decl ar eDomai n[Pol y2LexQ= Pol y [QRed, TupLex2],
Definition["Pol ynom al Functor"]]

Java-Decl ar eDomai n[Pol y3LexQ= Pol y [QRed, TuplLex3],
Definition["Pol ynom al Functor"]]

Java-Decl ar eDomai n[Pol y4LexQ= Pol y [QRed, TuplLex4],
Definition["Pol ynom al Functor"]]

Java-Decl ar eDomai n[Pol y2DegQ = Pol y [QRed, TupDeg2?],
Definition["Pol ynom al Functor"]]

Java-Decl ar eDorai n[Pol y3DegQ = Pol y [QRed, TupDeg3],
Definition["Pol ynom al Functor"]]

Java-Decl ar eDomai n[Pol y4DegQ = Pol y [QRed, TupDeg4],
Definition["Pol ynom al Functor"]]

Java-Decl ar eDomai n[GB2LexQ = Gr oebner -ext ensi on[Pol y2LexQ],
Definition["G oebner extension"]]

Java-Decl ar eDomai n[GB3LexQ= G oebner -ext ensi on[Pol y3LexQ],
Definition["G oebner extension"]]

Java-Decl ar eDomai n[GB3DegQ= Gr oebner -ext ensi on[Pol y3DegQ],
Definition["G oebner extension"]]

11.7 Timing Measurements

11.7.1 The First Experiment

Finally, the stage for demonstrating some time measurements is set on both the Theorema side and the
Java side. We start with some computationsin Theorema. Please note that, since we want to computein a
computational session of Theorema, we have to set up the knowledge base accordingly.

Use[(Built-in["Tuples"],
Built-in["Quantifiers"], Built-in["Connectives"],
Built -i n["Nunbers"]1, Built-in["Nunber Domains"])]

Conput at i onal Session[];
Use[(Theory[" Tupl esLex"1],
Theory[" Tupl esDeg"1, Theory["Pol y"], Theory["GB"1)]
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rdG) [(((11 (11 O))r <_1l <Ov 1>>v <_51 <01 O>>>v

GB2LexQ
(L, (1, 1)), (-1, (1, 0)), (3, <0, 0)))>1 // Absol uteTi m ng

{0.2031250, (((1, (1, 0)), (-1, <0, 1)), (-5, <0, 0))),
({1, €0, 2)), (4, (0, 1)), -2, <0, 0))))}

EndConput at i onal Sessi on[]

Now, we want to do the same computation by using the compiled Java program:

Java-UseDommi ns [ {GB2LexQ GB3LexQ GB3DegQ}]

Java-Conpute[(;BgLGJQ[(((l, (1, 0)), (-1, (0, 1)), (-5, (0, 0))),
ex

(1, <1, 1)), <-1, (1, 0)), (3, (O, 0))))]] // Absol ut eTi mi ng

{0. 0156250, (((1, <1, 0)), (-1, <0, 1)), (-5, <0, 0))),
({1, €0, 2)), (4, (0, 1)), -2, <0, 0))))}

So, the speed-up factor in this exampleis about 13.

11.7.2 The Second Experiment

In this experiment we want to compute the reduced Grobner Basis of a set of polynomials in three
variables over the rational numbers:

Conput at i onal Sessi on[]

r dGbBCL2 <(<-2, 2, 0, 1yy, (%n €, 1, 1>>, <§” o, 1, o>>>,

GB3LexQ

1
(<5, a, 1, 1>), (-3, (1, 0, 1y, <1, <0, O, o>>))] // Absol ut eTi ni ng
EndConput at i onal Sessi on[]

{0.5937500,

15 -180
<<<1, (0, 3, 2)), <_;_, (, 3, 1>>, (-12, (0, 2, 2)), <__;__, (0, 2, 1>>,

540
(36, (0, 1, 2)), <-;¢n (0, 1, 1>>, (-24, (0, 0, o>>>, <<1, (1, 0, 0%)

-1 -15

(@ e 2) (7 @20l (T @) (T 0 o))
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Jwa{mmMeD%%E%2<(@Z Q,o,n>,(§ ©, 1, n),(; m,l,m))

1
<(5u a, 1, 1)), (=3, (1, 0, 1)), <1, <0, O, o>>))]] // Absol ut eTi ni ng

{0.0156250,
15 ~180
<<<1, (0, 3, 2)), <.37, (0, 3. 1>>, (-12, (0, 2, 25, <__§__, (0, 2, 1>>,
540
(36, (0, 1, 2), <—;—” (0, 1, 1>>, (-24, (0, 0, o>>>, <<1, (1, 0, 0))

(5 @ n) [2 020 (F o) (0 0])

In this experiment the speed-up factor is about 38.

11.7.3 The Third Experiment

Conput at i onal Sessi on[]

rdchBC12 <(<-2, 2, 0, 1yy, (%n €, 1, 1>>, (g” <, 1, o>>>,

1 1
(<§” a1, 1>>, (=3, <1, 0, 13y, <1, €0, O, o>>), ((75” 3, 1, 0>),

<E” a, 2, o>>, (1, <0, 1, 13y, <-3, <0, O, o>>>>] /7 Absol ut eTi i ng
3

EndConput at i onal Sessi on[]
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{42.312500&

E, (2, 0, o>>, <72243, (1, 1, 0>>, <ﬂ (1, 0, 1>>,

<<<1’ b G Do <225 4410 1575

_6227 _361 4171
< , (0, 2,o>y <444ﬂ (0, 1,1>% <4447,<o,o,2>»
3087 150 630
_127088 331627 -1037
<——————,<1 0,0 > <—————ﬂ (0 o>> < . (0, o,1>}
11025 30870 210
41992 - 0 00 1, (0, 3, 0 (2, 0, 0
< 4725 ' S >>>’ <<’ 3 000, <11975 Y >y
55202 642096 -5979
< ., 1,0>» < . (1, 0, 1>> < . (0, 2,o>y
11975 11975 479
37044 ~17388 84918
< . (0, o,2>» < (1, 0, 0) > < . (0, 1,o>»
2395 479 2395
_26754 ~146412
< 0, o,1>» <4444441 (0, o,o>>y
2395 11975
1, (1, 0, 2 _ 2,0 0 1, 1, 0 ~549 1, 0, 1
<< ’ < ’ ’ >>1 <Er < ’ ’ >> <£ < 1 1 >>! <W’ < ' ’ >>|
2395 6 2 0 19 01 1) 0,0, 2 2444 0 0
lazer @20 (5 @1 ><'<~>>’<E’<">>*
38333 0.1 0 3 0,0, 1 0,0, 0
< 1029 Ot >>’ <Z' ¢ >> < AR >>%

<<L (3, 0, 0)), <§,<2,o,o>>,<-§%5,<1 1,o>»

(78, (1, 0, 1)), <%, (0, 1, l>>, <§, (0, 0, 2>>,

5 (0,1, 0 895001 7OOO
5 © % O 0 © & Db S5 @ 6 B

1, <2, 1, 0 30, <1, 0, 1 2395020 5011
<<v<1 1 >>! <_ v<1 1 >>1 <m1<1 ' >>1 <Tl<1 ’ >>1

#0100 3575 0, 1, 0y), (45, <0, 0, 1
<Tl < ’ ’ >>! < 49 ' < ’ ’ >>! < 1 < ’ 1 >>>|

<<L ©, 1, 2y, <§,<2,0,o>) <7¢,<1,1,o>>,<}%i,<1,0,1>)

—, (0, 1, 0)), (-3, (0, 0, 1)), —8, (0, 0, 0))}),
3 5

N
oo

<<1 (1, 2, 0)), , (2, 0, O>>, (-6, (1, 1, 0)), <§, (0, 1, O>>>,

H
~| G ool

) 2,O>>,<76,<0,1,1>>,<1Z (1, 0, 0),

<
(<t <0, 2, 1)), |
<—, (0, 1, 0>>> <<l, (2, 0, 1)), <?, (0, 1, l>>, <H, (0, 1, O>>>,

(L (Lo Lo 1)), (-6 <1, 0, 1)), (2, (0, 0, 0]
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Java-Oonpute[rdG(BB's)DEC%Z <(<-2, 2, 0, 1y), (% ©, 1, 1>), (; , 1, o>)),
g
1

1
~ L, 1)), (-3, <1, 0, 13y, <1, <0, O, 0>>>, ((

—_—
—_—
[

2 . .
~ @2 o>>, (1, <0, 1, 1)), (-3, <0, O, 0>>>)]] // Absol ut eTi ni ng

—_—
|
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{0.4843750,
1, (0, 0, 3 27 5 0.0 2243 1o 23042 01
o 0.9 {21 @ 0.0 (222, 01 o). (S22 0.0
_6227 _361 4171
< , (0, 2,o>y <444ﬂ (0, 1,1>% <4447,<o,o,2>»
3087 150 630
~127088 331627 -1037
<—————— (1, 0, 0 > <—————ﬂ (0 o>> < . (0, o,1>}
11025 30870 210
41992 - 0 00 1, (0, 3, 0 (2, 0, 0
< 4725 S >>>’ <<’ 3 000, <11975 Y >y
55202 642096 -5979
< (1, 1, 0 » < . (1, 0, 1>> < . (0, 2,o>y
11975 11975 479
37044 ~17388 84918
< 0, o,2>> < (1, 0, 0) > < . (0, 1,o>»
2395 479 2395
_26754 ~146412
< 0, o,1>» <4444441 (0, o,o>>»
2395 11975
1, (1, 0, 2 _ 2,0 0 1, 1, 0 ~549 1, 0, 1
<<1<1 ’ >>1 <Br<v ’ >> <£ <1 1 >>! <W’<l ’ >>|
2395 6 2 0 19 01 1) 0,0, 2 2444 0 0
lazer @20 (5 @1 ><'<~>>’<E’<">>*
38333 0.1 0 3 0,0, 1 0,0, 0
< 1029 Ot >>’ <Z' ¢ >> < AR >>%

<<L (3, 0, 0)), <§,<2,o,o>>,<-§%5,<1 1,o>»

(78, (1, 0, 1)), <%, (0, 1, l>>, <§, (0, 0, 2>>,

5 (0,1, 0 895001 7OOO
5 © % O 0 © & Db S5 @ 6 B

1, <2, 1, 0 30, <1, 0, 1 2395020 5011
<<v<1 1 >>! <_ v<1 1 >>1 <m1<1 ' >>1 <Tl<1 ’ >>1

#0100 3575 0, 1, 0y), (45, <0, 0, 1
<Tl < ’ ’ >>! < 49 ' < ’ ’ >>! < 1 < ’ 1 >>>|

<<L ©, 1, 2y, <§,<2,0,o>) <7¢,<1,1,o>>,<}%i,<1,0,1>)

—, (0, 1, 0)), (-3, (0, 0, 1)), —8, (0, 0, 0))}),
3 5

N
oo

<<1 (1, 2, 0)), , (2, 0, O>>, (-6, (1, 1, 0)), <§, (0, 1, O>>>,

H
~| G ool

) 2,O>>,<76,<0,1,1>>,<1Z (1, 0, 0),

<
(<t <0, 2, 1)), |
<—, (0, 1, 0>>> <<l, (2, 0, 1)), <?, (0, 1, l>>, <H, (0, 1, O>>>,

(L (Lo Lo 1)), (-6 <1, 0, 1)), (2, (0, 0, 0]
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In thisfinal experiment the speed-up factor is about 87.

11.7.4 Summary of Experiments

Table 11.1 summarizes some timing measurements of the algorithm r dGbBC12.

Task

Theorema Compiled Theorema Speed — up Factor

r dGhBC12[Lex, 2 Variables, 3 Polynomials]
r dGhBC12[Lex, 2 Variables, 4 Polynomials]
r dGbBC12[Lex, 3Variables, 3 Polynomials]
r dGhBC12[Lex, 3Variables, 4 Polynomials]
r dGhBC12[Lex, 4 Variables, 3 Polynomials]
r dGbBC12[Deg, 2 Variables, 3 Polynomials]
r dGbBC12[Deg, 2 Variables, 4 Polynomials]
r dGbBC12[Deg, 3 Variables, 3 Polynomials]
r dGbBC12[Deg, 3 Variables, 4 Polynomials]
r dGbBC12[Deg, 4 Variables, 3 Polynomials]

Table 11.1: Time Measurements of r dGbBC12

0.75s
1.19s
10.67s
33.44s
27.25s
1.16s
167s
13.94s
20.02s
53.11s

0.02s
0.02s
0.17s
0.48s
0.39s
0.02s
0.03s
0.17s
0.22s
0.70s

38
60
63
70
70
60
56
82
91
76
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12 Interpolation of Univariate Polynomials

This chapter is about the interpolation of univariate polynomials by Neville's algorithm and is based on
[Wind06]. We will define the functor Uni vPol y and the algorithms Nevil | eP and Eval —
Nevi | | eP. After shortly explaining the corresponding Theorema code, we will compare the computing
times of origina Theorema and Java code created by the Theorema-Java Compiler.

12.1 The Functor Uni vPol y

The functor Uni vPol y takes a field K and returns the univariate polynomial ring over K which repre-
sents polynomials as the tuples of their coefficients.

Definiti on[" Uni vari ate Pol ynom al Functor", any[K],

Uni vPol y [K] = Funct or [P, any[p, q, n, al,

s =)
€ [p]l ((p = (g)) \Vi (i s-tuple[p] /\ Ip| >0/\i=1,Y,{p} e i1 A\ Pisi ¢g)]
0- (o)
P \K
b= (k)
1 e v (pj =o)
i j=1, ... Ipt K
|ngex[p] =
i=1,€f|pl ((pi #8) /\j=i+1\,1.-,lp| (pj =8))  otherwise

dgg[p] ={pt-1

Pra € nzo/\nsdeg[p]
coef [p, n] = ?
P 0 < otherw se
K

cangni cpl = (pi | >

i=1,.,index[p]
P

corgst [aj = <a)

p +q = canoni c[(coef [p, i ]+coef[q, i] | >
P P P K p i =0, ..,Nax[deg[p],deg[q]]

P 5 g = canoni c[(coef [p, i1 coef[qg, il | >]
P P P i =0, .., Max [deg [p], deg [q] |
P B
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p *Q = canoni c ( coef [p, j1*coef [q, i -] | )
P P [ JoZKu P X R i =0, ..,deg[p]+deg[q] ]
P P

a-.p=canonic (a*coef [p, i1] | >

P P [ K P i =0, ..,deg[p] ]

=

p/a:(coef[p,i]/a | >

P P K i =0, ..,deg[p]

3

eval [p, a] = h % coef [p, i1 *axgi

P i =0, ...,deg[p] X

3

/]

12.2 The Algorithms Nevi | | ePand Eval —Nevi | | eP

The algorithm Nevi | | eP takesalist of data points (in the form of the tuples x and a of the same length
n), a field K, and the univariate polynomial ring over K (returned by Uni vPol y). It computes the
Neville polynomial whichis of degree n- 1 and goes through the given data points.

Al gorit hm[" Neville", any[x, a, K, P],
Nevi |l | eP[x, a, K, P]:=

const [a;] < x| =1
P

V\/nere[n=|x|, < ot herw se
((Rxl, l) ENGVI | | eP[Xl_”[j, al_”:, K, P] E ]

(RX”’ 1> gNevi Il eP[Xy s 8nsen K P]) é (xn Rxl)]

The algorithm Eval —Nevi | | eP takesfive parameters: the first four have the same meaning as those of
Nevi | | eP, the fifth one is an element v of K. Eval —Nevi | | eP returns the value of the Neville
polynomial at the given point v.

Algorithm[" Nevi |l |l e Eval uation", any[x, a, K, P, v],

Eval -Nevi |l | eP[x, a, K, P, v]:=
a; < |x} =1
Wnere[n: Ixt, < otherw se

((V Rxl) ;Eval —NQVI | I eP[Xl_”:, al_ﬂu, K, P, V] R

(v RX") zEvaI -Nevil | eP[X, 5 8nsen K Py v]) é (xn Rxl)]
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Theory[" Nevil | e",

Al gorithm["Neville"]
Al gorithm["Neville Eval uati on"]]

12.3 Compilation to Java
To create the domain of univariate polynomialsover Q on the Java side, we execute

Java-Decl ar eDormai n[Uni vPol yQ= Uni vPol y [Q],
Definition["Univariate Polynom al Functor"]]

Additionally, we compile the theory "Neville":

Java-Theory2Java[Theory["Neville"]]

12.4 Timing Measurements

12.4.1 The First Experiment

We are now ready to perform some time measurementsin both Theorema and Java.

Use[(Built-in["Tuples"], Built-in["Quantifiers"], Built-in["Nunbers"],
Built -i n[" Nunber Donmai ns"], Built-in["Connectives"])]

Conput at i onal Sessi on[]

Use[(Definition["Univariate Pol ynom al Functor"], Theory["Neville"])]

NevilleP[1l, 2, 3, 4, 5, 6, 7, 8, 9, 10),
<3, 1, 5, 2, 6, 10, -1, -9, 15, 20), @, UnivPoly[D]] // Absol uteTi ning

45533 -530407 10340243
{7. 5937500, (-8, , ,
360 2016 45360

-596971 469523 -2443 3353 -773 143
5760 17280 576 = 8640 40320 362880>}

EndConput at i onal Sessi on[]

So, the computation of this Neville polynomial for 10 data points took Theorema about 7.59 seconds. L et
us use now the compiled algorithm:

Java-UseTheories[{"Neville"}]

Java-UseDomai ns [ {Uni vPol yQ} 1]
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Java-Conpute[Nevil | eP[(1, 2, 3, 4, 5, 6, 7, 8, 9, 10),
3, 1, 5, 2, 6, 10, -1, -9, 15, 20), @, UnivPolyQ]] // Absol uteTi m ng

45533 -530407 10340243

360 2016 = 45360
-596971 469523 -2443 3353 -773 143

5760 17280 576 = 8640 40320 362880>}

{0.3125000, -8,

The compiled Java code just needs about 0.31 seconds to compute this polynomial and, hence, it is about
25 times faster than the above computation performed in Theorema's computational session.

12.4.2 The Second Experiment

Asasecond experiment, we want to compute a Neville polynomial for 12 data points:

Conput at i onal Sessi on[]
Nevi | | eP[(l, 2, 3,5 7, 11, 13, 17, 19, 23, 29, 31),
-1 20)

1 7 2
(—, _3, 15, —, 61, 0, -7, —, 5, -2, —, —
2 9 13 15 29

0, Uni vPol y[Q]] // Absol ut eTi m ng
EndConput at i onal Sessi on[]

500106 151202507 -17084512287418862845921

{31.6875000,<

872862842880 12922551087 641395200
272751935337391768663 -1286857066635570953603
239306501 622988800 2584510217528 279040
135129780087013929611 -1942771048943230861
1076879257 303449600 99404 239135703040

300875487 730797797 -825438116711096071 3881559120762 221

153839893900492800  6461275543820697600 717919504868 966400
-1843141983702389 83324894573 -16081636 153

12922551087 641395200 39159 245720125440 1174777371603763200>}
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1
Java-Canute[hbvilI eP[(l, 2,3, 5 7, 11, 13, 17, 19, 23, 29, 31), (E' -3,
-1 20

7 2
15, -, 61, 0, -7, —, 5, -2, —, —
9 13

, 0, UnivPol // Absol ut eTi m n
15 29> vl ] g

500106151202507 -17084512287418862845921

{1.2968750, < ,

872862 842 880 12922551 087 641 395 200
272751935337391768663 -1286857 066635570953 603
239306501 622988800 = 2584510217 528279 040
135129780087 013929611 -1942771048 943230861
1076879257 303449600 = 99404239 135 703 040

300875487730797797 -825438116711096071 3881559120762 221

153839893900492800 6461275543820697600 717919504868 966400
-1843141983702389 83324894573 -16081636 153 >}

12922551087 641395200 39159245720125440 1174777371603 763200

In this example the speed-up factor isagain about 25.

12.4.3 The Third Experiment
In this example, we use the algorithm Eval —Nevi | | eP:
Conput at i onal Sessi on[]

Eval -Nevi | | eP[<1, 2, 3, 5 7, 11, 13, 17, 19, 23, 29, 31),

1 7 2 -1 20
(—, -3, 15, —, 61, 0, -7, —, 5, -2, —, )
2 9 13

15" 29
. 181 .
0, UnivPol y[Q], E] // Absol ut eTi m ng
EndConput at i onal Sessi on[]

12319766 785038 848 315
1240483244261378364 }

{2.4531250,

Java-Canute[EvaI—hbvill eP[(l, 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31)
-1 20>

1 7 2
(—, -3, 15, —, 61, 0, -7, —, 5, -2, —, —
2 9 13 15 29

_ 181 o
0, Uni vPol yQ ?]] // Absol ut eTi mi ng

12319766 785038848 315 }
1240483 244261378 364

{0.3437500,

The speed-up factor here is about 7.
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12.4.4 The Fourth Experiment

Again, we use the algorithm Eval —Nevi | | eP for a computation:

Conput at i onal Sessi on[]

Eval —NeviIIeP[(l, 2, 3,5 7,11, 13, 17, 19, 23, 29, 31, 37, 39, 41),
1 7 2 -1 20 5 -7 27
<_, _3, 15, —, 61, 0, -7, —, 5, -2, —, —, —, —, —),
2 9 13 15 29 19 91 99

181
Q, UnivPoly[@], E] // Absol ut eTi mi ng
EndConput at i onal Sessi on[]

13767650491 180189006 940

{19.4531250, }
97 430 965 333210 375 499 061

Java-Oonpute[

Eval —NeviIIeP[(l, 2, 3,5 7,11, 13, 17, 19, 23, 29, 31, 37, 39, 41),
-1 20 5 -7 27)

1 7 2
(—, -3, 15, —, 61, 0, -7, —, 5, -2, —, —, —, —, —
2 9 13 15 29 19 91 99

181
0, Uni vPol yQ F” // Absol ut eTi m ng

13767650491 180189006 940
97430965333210375499061 }

{2.8593750,

Also in this example the speed-up factor is about 7.

12.4.5 Summary of Experiments

Table 12.1 summarizes some timing measurementsof the algorithm Nevi | | eP.

Task Theorema Compiled Theorema Speed — up Factor
Nevi | | eP[6data points] 0.44s 0.02s 22
Nevi | | eP[8data points] 1.84s 0.09s 20
Nevi | | eP[10data points] | 7.63s 0.33s 23
Nevi | | eP[12data points] | 31.02s 1.3s 23
Nevi | | eP[14data points] | 124.98s 5.27s 24

Table 12.1: Time Measurementsof Nevi | | eP
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Conclusion and Future Work

In this thesis we showed how to drastically speed-up the computation times of origina Theorema
programs by compiling them into executable Java byte code. The generated Java programs are not faster
by a constant factor, but rather depends the achievable acceleration on a size-parameter.

However, the execution times of the compiled Theorema programs are still far away from handcoded
Java or C programs. Hence, it is the major challenge for the future development of the Theorema-Java
Compiler to come up with additional ideas and techniquesto further increase the speed-up.

We have chosen Java as the target language of the compiler mainly because of the well supported
JLink and, secondly, because it is natural to believe that a object-oriented language should support the
generic programming philosophy of Theorema, in particular the functor mechanism. However, it would
still be reasonable to try out plain C as the target language because of its efficiency, since, in fact, the
method which we use for compiling Theorema functors (substitution of concrete function calls for
function variables in compiled code) does not depend on the availability of object oriented features.
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